Published by Institute of Physics Publishing for SISSA Received: April 11, 2005 Accepted: September 22, 2005 Published: October 12, 2005

Minimal gauge-Higgs unification with a flavour symmetry

Guido Martinelli,^a Matteo Salvatori,^b Claudio Alessandro Scrucca^c and Luca Silvestrini^{ad}

aDip. di Fisica, Univ. di Roma “La Sapienza”, and INFN, Sez. di Roma Piazzale Aldo Moro 2, 00185 Rome, Italy bDep. de Física Teórica, C-XI, and Ist. de Física Teórica, C-XVI Univ. Autónoma de Madrid, Cantoblanco, 28049 Madrid, Spain cInstitut de Physique, Univ. de Neuchâtel, Rue Breguet 1 2000 Neuchâtel, Switzerland dPhysik-Department T31, TU-München 85748 Garching, Germany E-mail: Guido.Martinelli@roma1.infn.it, matteo.salvatori@uam.es,

claudio.scrucca@unine.ch, luca.silvestrini@roma1.infn.it

Abstract: We show that a flavour symmetry à la Froggatt-Nielsen can be naturally incorporated in models with gauge-Higgs unification, by exploiting the heavy fermions that are anyhow needed to realize realistic Yukawa couplings. The case of the minimal five-dimensional model, in which the SU(2)_L × U(1)_Y electroweak group is enlarged to an SU(3)_W group, and then broken to U(1)_{em} by the combination of an orbifold projection and a Scherk-Schwarz twist, is studied in detail. We show that the minimal way of incorporating a U(1)_F flavour symmetry is to enlarge it to an SU(2)_F group, which is then completely broken by the same orbifold projection and Scherk-Schwarz twist. The general features of this construction, where ordinary fermions live on the branes defined by the orbifold fixed-points and messenger fermions live in the bulk, are compared to those of ordinary four-dimensional flavour models, and some explicit examples are constructed.

Keywords: Quark Masses and SM Parameters, Large Extra Dimensions, Beyond Standard Model.

©SISSA 2005 http://jhep.sissa.it/archive/papers/jhep102005037 /jhep102005037 .pdf

Contents

1. Introduction 1

2. Gauge-Higgs unification in 5D 2

3. A prototype model 4 3.1 Orbifold projection and SS twist 5 3.2 Field content 6 3.3 Lagrangian 9 3.4 Structure of the induced couplings 10 3.5 Effective lagrangian and induced couplings 13 3.5.1 Mode decomposition 13 3.5.2 Construction of the effective lagrangian 15 3.6 Low energy limit 17 3.7 Fermion masses and mixings 18

4. Generalization to arbitrary representations 21 4.1 Lagrangian 24 4.2 Fermion masses and mixings 26

5. Model building 28 5.1 Mixing angles and mass ratios 29 5.2 Example with improved overall scale 29 5.3 FCNC processes and CP violation 30

6. Conclusion 31

1. Introduction

In the last thirty years the central problem in particle physics has been the mechanism for breaking the electroweak gauge symmetry and the consequent generation of masses for gauge bosons and matter fermions. In the Standard Model (SM), the problem manifests itself in two different ways: on the one hand in the instability of the weak interaction scale (the so-called hierarchy problem), on the other in the arbitrariness of the Yukawa couplings, which span at least five orders of magnitude, and the related problem of the strength of the CKM [1] (and PMNS [2]) matrix elements. In the quest for a solution of these fundamental problems, a plethora of extensions of the SM have been proposed, like technicolor, softly broken global supersymmetry, supergravity or string theory. None of the proposed solutions, however, is satisfactory, and this motivates further investigation.

– 1 –

More recently the idea came on the stage that it might be possible to overcome the hierarchy problem by implementing the breaking of gauge symmetries via alternative mechanisms relying on the presence of one or more extra dimensions. In particular, it has been known for a long time that realizing the Higgs field as the zero-mode of the internal component of a higher-dimensional gauge field leads to an effective potential with improved stability [3]. This idea has been recently reinvestigated from various points of view [4], and exploited to construct concrete higher-dimensional orbifold models with this type of gauge-Higgs unification [5 – 9] (see also [10 – 12] for supersymmetric models). A simple prototype of this kind of models is the minimal five-dimensional (5D) scenario described in [6], where the gauge symmetry is broken by the combination of a Z_2 orbifold projection [13] and a continuous Scherk-Schwarz (SS) twist [14] along the extra compact dimension. The electroweak symmetry breaking is spontaneous and occurs through the Hosotani mechanism [15]. The order parameter is the Wilson loop W = exp {ig � A_5(y)dy} of the internal component A_5 of the gauge field along the internal circle S^1 (here and in the following we denote by y the coordinate along the internal dimension). The role of the Higgs field is played by the zero-mode of A_5, but the effective potential can depend only on the non-local gauge-invariant W and is therefore finite.

In this paper, we study the possibility of endowing the above-mentioned class of higherdimensional models with a flavour symmetry of the Froggatt-Nielsen (FN) type [16]. This is done by introducing an extended flavour symmetry, which is then broken, as for the electroweak symmetry, by the combination of an orbifold projection and a SS twist. We focus on the model of ref. [6] and describe its minimal flavour extension. We show that by a wise choice of the flavour quantum numbers for bulk and brane fermion fields, it is possible to reproduce the observed pattern of the quark masses and CKM angles, although the mass obtained for the down quark tends to be too small, and observe that a similar approach is possible also for lepton masses and PMNS angles. The resulting model generates a 4D effective theory with a stabilized electroweak scale and a U(1) FN symmetry.

The paper is organized as follows. After quickly reviewing gauge-Higgs unification in section 2, we outline in section 3 the basic construction discussing explicitly a prototype model. In section 4 we generalize our construction to arbitrary representations of the electroweak and flavour groups. In section 5 we present more realistic examples of our construction. Finally, in section 6 we draw some conclusions and discuss future developments.

2. Gauge-Higgs unification in 5D

Our starting point is the model of gauge-Higgs unification described in ref. [6]. The basic physical idea is to break the electroweak symmetry in a non-local way, so that the Higgs mass is protected by the gauge invariance of the 5D theory. Indeed, in a 5D theory compactified on a circle with SS symmetry breaking, all ultraviolet (UV) divergent quantities at all orders in perturbation theory must be invariant under the full symmetries of the 5D theory [17]. This means that all symmetry-breaking quantities are finite, calculable and insensitive to the unknown UV dynamics. If one could find a 5D symmetry that forbid the Higgs mass term, a non-local breaking of this symmetry would protect the Higgs mass

– 2 – from any divergent radiative correction. Gauge-Higgs unification implements this idea, by identifying the Higgs boson with the internal component of a 5D gauge field, so that the 5D gauge symmetry protects the Higgs mass.

To construct a model of gauge-Higgs unification one must consider a gauge group large enough as to include 4D states corresponding to the SU(2)_L ⊗ U(1)_Y gauge bosons plus the Higgs doublet. The minimal possibility corresponds to an SU(3)_W gauge group, broken first to SU(2)_L ⊗ U(1)_Y via a Z_2 orbifold projection, and then to U(1)_{em} with a SS twist.^1 The orbifold projection acting on the 5D gauge group leaves as 4D zero modes the SM gauge bosons plus a scalar doublet with the quantum numbers of the SM Higgs: the SS twist corresponds to a Vacuum Expectation Value (VEV) for the Higgs via the Hosotani mechanism. From the 4D point of view, this corresponds to the SM Higgs mechanism: however, higher-dimensional gauge invariance protects the Higgs mass. This remains true even though at the orbifold fixed points only the SM gauge group is present: indeed, the zero-modes of A_5 transform non-homogeneously under gauge transformations belonging to SU(3)_W /(SU(2)_L ⊗ U(1)_Y ), so that the only possible counterterms are SU(3)_W -invariant ones [18] (see also [19]).

The price one has to pay for this UV insensitivity is the absence of a tree-level potential for the Higgs. This implies that the Higgs mass generated at one loop is generically too small (see ref. [6] for a detailed discussion of this problem). A related issue is the value of the SS twist that is dynamically generated: unless bulk fermions belonging to very high-rank representations of SU(3) are present, one obtains twist parameters of order 10^{−1} , corresponding to an extra dimension of inverse radius 1/R ∼ 10 m_W ∼ 1 TeV, far below the LEP indirect bounds. Since these problems are unrelated to the issue of flavour symmetry breaking that will be discussed in this work, from now on we will assume that the value of the SS twist α is of order 10^{−2} thanks to some unspecified mechanism, so that 1/R ∼ 10 TeV and Kaluza-Klein (KK) excitations of electroweak gauge bosons do not pose any phenomenological problem.

As in the standard electroweak theory, the VEV of the Higgs field can induce a mass for the matter fermions. The relevant Yukawa couplings, however, originate in this case from the 5D gauge coupling. For bulk fermions, this implies that the Yukawa couplings are universal and their magnitude is simply the gauge coupling times a group-theoretical factor, depending only on the representation. Furthermore, no flavour symmetry breaking can arise from electroweak gauge couplings, so that one is left with a universal fermion mass and no flavour mixing. For brane fields localized at the orbifold fixed-points, on the contrary, the SU(2)_L ×U(1)_Y symmetry would allow Yukawa couplings to be arbitrary and non-universal, but the non-linearly realized SU(3)_W /(SU(2)_L × U(1)_Y ) symmetry implies that they all vanish. In order to achieve realistic Yukawa couplings, one is therefore led to consider the more general case of fermions that are a mixture of bulk and brane fields with wave functions depending non-trivially on the internal dimension [11]. This situation is most easily realized

1In this way, one obtains sin^2 θW = 3/4. An acceptable value of the weak mixing angle can be achieved by adding an extra U(1)^′ factor and tuning its coupling relatively to the weak coupling, as done in ref. [6]. The additional U(1)X symmetry introduced in this way in the 4D effective theory is anomalous, and must therefore be spontaneously broken and decoupled.

– 3 – by considering bulk and brane fields that mix through non-universal bilinear couplings localized at the fixed-points [6]. The new eigenstates, resulting from the diagonalization of the quadratic lagrangian for these fields, will then inherit non-vanishing and non-universal Yukawa couplings to the Higgs field. The structure of the mass couplings is pretty general, but their size is always at most of the order of the gauge coupling. This implies that the natural value of all the fermion masses induced in this way is of the order of m_W .

In the case where the above construction is realized with bulk fields that are much heavier than the brane fields, the lightest eigenstates are sharply localized fields whose dynamics is well approximated by an effective lagrangian for the original brane fermions, obtained by integrating out the heavy bulk modes. From this perspective, the non-vanishing and nonuniversal Yukawa couplings for the light localized modes emerge as effective interactions induced through the exchange of the heavy bulk fermions, which have a non-vanishing but universal fundamental Yukawa coupling. This framework is very similar to the one occurring in models with flavour symmetries, the breaking of which is transmitted to the effective Yukawa couplings through a heavy fermion, and suggests that it should be possible to naturally generalize the model of ref. [6] to include a flavour symmetry.

The usual implementation of a FN U(1)_F flavour symmetry goes as follows. One assigns a U(1)_F charge to each of the SM fermions, and introduces some heavy vector-like fermions in order to construct gauge- and flavour-invariant Yukawa couplings. The flavour symmetry is then spontaneously broken by some VEV at a scale smaller than the mass of the heavy fermions, so that the effective Yukawa couplings for SM fermions generated at low energies are Y_{IJ} ∝ (⟨ϕ⟩/M)^{qI −q J} , where ⟨ϕ⟩ is the U(1)_F -breaking VEV, M is the mass of the heavy fermions, and q_I are the SM fermion flavour charges. Wave-function corrections and the potentially dangerous tree-level FCNC generated by the heavy fermions are power suppressed and negligible if the new particles live at a high scale.

It is then natural for us to consider the case of a U(1)_F symmetry brokenà la SS. Since rank lowering can only be achieved by combining an orbifold projection with a SS twist, we have to start from an SU(2)_F symmetry in the bulk, broken to U(1)_F by the orbifold and then to nothing via a SS twist. Clearly, since the mass scale of the heavy bulk fermions is around 10 TeV in the case of ref. [6], we should make sure that wave function corrections and tree-level FCNC couplings are under control. We have performed a preliminary analysis of this issue, which indicates that unwanted effects might indeed be kept sufficiently small with reasonable choices of parameters. A detailed analysis, together with a study of loopinduced FCNC’s, is currently under way and will be presented elsewhere.

3. A prototype model

A minimal prototype of the models discussed in the previous section can be constructed as follows. The standard fermions are taken to live at the orbifold fixed-points, whereas the messenger fermions that activate the mechanism of symmetry breaking live in the bulk. A spontaneously broken abelian flavour symmetry is then incorporated much in the same way as for the spontaneously broken electroweak symmetry, and both symmetry breakings are implemented at once by letting the orbifold projection and the SS twist act

– 4 – on both the electroweak and the flavour groups. The minimal choice of 5D flavour group allowing an abelian group in the intermediate step and a full breaking in the final step is an SU(2)_F group. For simplicity, we assume this to be a global symmetry, but the case of a local symmetry is similar. This flavour group is broken to a U(1)_F subgroup through the orbifold projection, and finally to nothing through the SS twist.

The above construction is very general, and exploits for both the electroweak and the flavour symmetries the same minimal pattern of symmetry breaking discussed in ref. [20], which consists in first promoting the 4D group to a larger 5D group and then performing two non-commuting projections that enable to lower the rank. The standard fermions at the fixed-points form representations of SU(2)_L × U(1)_Y × U(1)_F , whereas the messenger fermions in the bulk form representations of SU(3)_W × SU(2)_F . The construction can be applied in a perfectly similar way both to the quark and the lepton sectors. Here we shall focus on the quark sector. For the sake of clarity of presentation, we will first illustrate the general qualitative features of the construction with an explicit example, then generalize to arbitrary flavour charges and SU(3)_W ⊗ SU(2)_F representations, and finally discuss some realistic models.

3.1 Orbifold projection and SS twist

The projections defining the model are chosen as follows. The orbifold projection on a bulk field Φ_{R,R}′ in a generic representation (R, R^′) of SU(3)_W × SU(2)_F is taken to be

Φ_{R,R}′ (x, −y) = ±[P_L ⊗ P^R_W ⊗ P^{R′}_F ] Φ_{R,R}′ (x, y) , (3.1)

where P_L depends on which Lorentz representation the field corresponds to (P_L = 1 for a scalar, P_L = γ_5 for a spinor, etc.) and P_W and P_F define the embedding of the projection into the weak and flavour groups. In order to achieve the desired symmetry breaking down to SU(2)_W × U(1)_Y × U(1)_F , we use the T^8_W and T^3_F generators^2 of SU(3)_W and SU(2)_F respectively, and choose:

P_W = e^{2iπ} √ 3T^8_W , P

F = e^{−iπ (d(T 3F )−1)/2} e^{iπT 3F} , (3.2)

where d(T ) is the dimension of the matrix T acting on the representation R^′. The residual SU(2)_F × U(1)_Y electroweak gauge symmetries are associated with the generators T^a_W with a = 1, 2, 3, 8 that commute with the projection: [T^a_W , P_W ] = 0. Similarly, the surviving U(1)_F flavour symmetry is associated to the only generator T^3_F commuting with the projection: [T^3_F , P_F ] = 0.

The Scherk-Schwarz twist on the generic representation (R, R^′) of SU(3)_W × SU(2)_F is similarly of the form:

Φ_{R,R}′ (x, y + 2πR) = � T^R_W (α) ⊗ T^{R′}_F (β) � Φ_{R,R}′ (x, y) , (3.3)

2We define the SU(3)W generators as T^a = λ^a/2, where λ^a are the standard Gell-Mann matrices with the normalization Tr λ^aλ^b = 2δ^{ab}. Similarly, we define the SU(2)F as T^a = σ^a/2, where σ^a are the standard Pauli matrices with the normalization Tr σ^aσ^b = 2δ^{ab}.

– 5 – where T_W (α) and T_F (β) define the embedding of the twist into the weak and flavour groups and depend on two continuous parameters α and β. These must satisfy the usual consistency constraints (T_W P_W )^2 = (T_F P_F )^2 = 1 [13, 21]. In order to further break by the twist the electroweak and flavour symmetries SU(2)_F × U(1)_Y × U(1)_F preserved by the orbifold projection down to U(1)_{em}, we use the T^6_W and T^1_F generators of SU(3)_W and SU(2)_F respectively, and choose:

T_W (α) = e^{4πiαT 6W} , T_F (β) = e^{4πiβT 1F} . (3.4)

The residual U(1)_{em} electromagnetic gauge symmetry is associated with the only generator T^3_W + T^8_W / √ 3 that commutes also with the twist: [T^3_W + T^8_W / √ 3, T_W ] = 0. Notice that this fixes the hypercharge to be Y = T^8_W / √ 3. The flavour symmetry is instead completely broken since there is no generator commuting also with the twist.

The dimensionless quantities α and β are the order parameters for the rank-reducing breaking of the electroweak and flavour symmetries. Indeed, it is evident from eqs. (3.2) and (3.4) that the orbifold projection and the twist do not commute, that is [P_W , T_W ] ≠ 0 in the gauge sector and [P_F , T_F ] ≠ 0 in the flavour sector, unless α = n/2 and β = n/2, with n integer. For the gauge symmetry, it is possible to relate the order parameter to the VEV of the Higgs field A_5 by performing a non-periodic gauge transformation that reabsorbs the twist [15]: α = g_5R⟨A_5⟩/2. For the flavour symmetry, a similar relation would hold if it were local; the case where it is taken to be global can however be understood in a similar way by taking a suitable decoupling limit [17]. Notice finally that the electroweak and flavour symmetry breaking scales are naturally defined by m_W = α/R and m_F = β/R.

The effect of the SS twist on the orbifold-projected spectrum of KK modes of bulk fields will as usual amount to shifting the standard integer-moded masses m_n = n/R obtained for fields that are periodic along the internal circle S^1 with radius R through a quantity that depends on the symmetry breaking parameters α and β. To be more precise, notice that the generators appearing in the exponents of the orbifold projection and SS twist do not commute. Starting from the standard basis in which the Cartan generators T^8_W and T^3_F appearing in the orbifold projection are diagonal, the generators T^6_W and T^1_F appearing in the twist can be brought into diagonal forms, which we denote by t_W and t_F , through some suitable unitary transformations U_W and V_F :

t_W = U_W T^6_W U^†_W , t_F = V_F T^1_F V^†_F . (3.5)

In the transformed basis where the SS twist is diagonal (but the orbifold projection is not diagonal), the mass spectrum can be written in terms of the entries of the diagonalized twist generator simply as m_n(α, β) = (n + 2t_W α + 2t_F β)/R (see section 3.5.1).

3.2 Field content

The field content of the model is a generalization of the one considered in ref. [6], where now all the brane fields must not only belong to SU(2)_L × U(1)_Y representations but also have definite charges under the U(1)_F subgroup, and similarly all the bulk fields must also belong not only to SU(3)_W but also to SU(2)_F representations. Notice that the charge under the

– 6 –

Field q_F Field q_F Field q_F Q_{1L} 4 d_{1R} −1 u_{1R} −4 Q_{2L} 3 d_{2R} 0 u_{2R} −1 Q_{3L} 1 d_{3R} 1 u_{3R} 1

Table 1: Flavour charges of SM fermions.

U(1)_F flavour group preserved by the orbifold projection is quantized, as a consequence of the fact that the original flavour group is non-abelian, and represented by q_F = T^3_F . This constrains in an interesting way the allowed charge assignments for the brane fields. The minimal content of brane and bulk fields that is required in order to construct the flavour extension of the model of ref. [6] is then quite rigidly fixed.

The SM fermions are introduced as brane fields at the fixed-points of the orbifold projection. Denoting by y the periodic coordinate of the extra dimension, the two fixedpoints are located at y = 0 and y = πR and represent the two boundaries of the physical space, the segment [0, πR] in the extra dimension. Each of the left- and right-handed fields can be located at any of the two fixed-points. The precise distribution that is chosen is qualitatively not too important as far as the low-energy effective theory is concerned, but it is quite relevant for the consistency of the theory, and in particular for the issue of anomalies. Indeed, it is known that globally vanishing localized anomalies occur in theories with a generic content of bulk and brane fields and that requiring their cancellation may have non-trivial implications on the theory [22, 23] (see [24] for a general review). The issue of localized anomalies has already been discussed in ref. [6], and since the flavor extension examined here does not involve any novelty in this respect, we shall not discuss it any further here. For simplicity, we assume that all the left-handed fields are located at y = 0 and the right-handed ones at y = πR, and their interactions are constrained to be invariant under the residual symmetries described above. We introduce the following representations of SU(2)_L × U(1)_Y × U(1)_F :

• Left-handed fields localized at y = 0:

Q_L = � u_L d_L � : 2 1_{6 ,q} or equivalently Q^c_R = � d^c_R −u^c_R � = 2_− 1_{6 ,−q} . (3.6)

• Right-handed fields localized at y = πR:

u_R = 1 2_{3 ,u} , or equivalently −u^c_L = 1_− 2_{3 ,−u} , d_R = 1_− 1_{3 ,d} , or equivalently d^c_L = 1 1_{3 ,−d} , (3.7)

with the notation R_{qY ,qF} , where R is the SU(2)_L representation and q_Y and q_F are the U(1)_Y and U(1)_F charges respectively. As a first example, we choose the charge assignment reported in table 1.

The bulk fields consist of the 5D gauge fields and of the heavy fermions that are needed to induce the effective Yukawa couplings as in ref. [6]. The rôle played by the gauge fields has been extensively explained in ref. [6] and will not be discussed again here. The only

– 7 – novelty concerns the heavy messenger fermions, which will now carry flavour quantum numbers. We introduce two pairs l = u, d of fermion fields (ψ^l, ψ̃^l) with opposite orbifold parities, with a bulk mass term that makes all their modes heavy. Following ref. [6], we take these two pairs to be weak triplets to generate masses for down-type quarks, and weak sixplets to generate masses for up-type quarks. Concerning the representation under SU(2)_F , from table 1 we see that Q_L and u^c_L have flavour charges with absolute value up to four: the minimal choice is therefore a nineplet, which contains fields with U(1)_F charges from −4 to 4. Summarizing, we have bulk fields in the following representations of SU(3)_W × SU(2)_F :

• Bulk fields with negative overall parity:

ψ^d : � 3, 9 � , ψ̃^u : � 6, 9 � , (3.8)

• Bulk fields with positive overall parity:

ψ̃^d : � 3, 9 � , ψ^u : � 6, 9 � . (3.9)

The decomposition of the above representations of the SU(3)_W × SU(2)_F group under its SU(2)_Y × U(1)_Y × U(1)_F subgroup, which we will need to determine the coupling of the bulk fields to the brane fields, has the following form: � 3, 9 � → 2 1_{6 ,q} ⊕ 1_− 1_{3 ,d} , � 6, 9 � → 3 1_{3 ,Q} ⊕ 2_− 1_{6 ,−q} ⊕ 1_− 2_{3 ,−u} , (3.10)

with Q, q, u, d ranging from −4 to 4. The only components that have the right quantum numbers to couple to the brane fermions are the SU(2)_W doublets and singlets, with U(1)_F charges matching the SM ones given in table 1.

The action of the orbifold projection on the bulk fermion fields is given by

P^3_W = diag(−1, −1, 1) , P^6_W = diag(1, 1, −1, 1, −1, 1) , P^9_F = diag(1, −1, 1, −1, 1, −1, 1, −1, 1) . (3.11)

This implies that after the projection the particle content is given by an electroweak doublet and an electroweak singlet with flavour charges ranging from −4 to 4, belonging to ψ^l if the flavour charge is even and to ψ̃^l if it is odd. In other words, one and only one of the two bulk fields ψ^l and ψ̃^l always has a component with the right quantum numbers to couple to the SM brane fermions.

The choice of the SU(3)_W representation for the messenger fermions in the bulk influences only the overall magnitude of the induced Yukawa couplings, whereas the choice of the SU(2)_F representation for these bulk fermions, together with the U(1)_F charges for the matter brane fermions, determines the flavour structure.

– 8 –

3.3 Lagrangian

The structure of the lagrangian is the same as in ref. [6]: in addition to the kinetic terms for the bulk and brane fields, we introduce an arbitrary bilinear mixing between them. The couplings of the three generations of left- and right-handed brane fields Q_L, u_R, d_R and their conjugates to the bulk fields ψ^l or ψ̃^l are parametrized by couplings e^l_L and e^l_R with mass-dimension 1/2, in each sector l = u, d. Each brane field can couple either to ψ^l or ψ̃^l, and has therefore only one relevant coupling. To write these couplings more explicitly, it is convenient to embed the brane fields into new fields χ^{u,d}_{L,R}, χ̃^{u,d}_{L,R} which have the same matrix structure as the representations of SU(3)_W × SU(2)_F to which the bulk fields belong, the extra entries being filled with zeroes, and then further combine left and right components into Dirac fields: χ^{u,d} = χ^{u,d}_L +χ^{u,d}_R and χ̃^{u,d} = χ̃^{u,d}_L +χ̃^{u,d}_R . Correspondingly, it is convenient to embed the diagonal matrices of couplings e^l_1 and e^l_2 in family space into new diagonal matrices of couplings ê^l_1 and ê^l_2 in flavour space. In our example, we have:

χ^d = � � 1 0 0

� � W ⊗

� � � � � � � � � � u^1_L 0 0 0 0 0 0 0 0

� � � � � � � � � � F

+ � � � 0 1 0

� � � W ⊗

� � � � � � � � � � d^1_L 0 0 0 0 0 0 0 0

� � � � � � � � � � F

+ � � � 0 0 1

� � � W ⊗

� � � � � � � � � �

0 0 0 0 d^2_R 0 0 0 0

� � � � � � � � � � F

, (3.12)

χ̃^d = � � � 1 0 0

� � � W ⊗

� � � � � � � � � �

0 u^2_L 0 u^3_L 0 0 0 0 0

� � � � � � � � � � F

+ � � � 0 1 0

� � � W ⊗

� � � � � � � � � �

0 d^2_L 0 d^3_L 0 0 0 0 0

� � � � � � � � � � F

+ � � � 0 0 1

� � � W ⊗

� � � � � � � � � �

0 0 0 d^3_R 0 d^1_R 0 0 0

� � � � � � � � � � F

, (3.13)

χ^u =

� � � � � �

0 0 0 0 1 0

� � � � � � W

⊗

� � � � � � � � � �

0 0 0 0 0 0 0 0 −u^{c1}_R

� � � � � � � � � � F

+

� � � � � �

0 0 1 0 0 0

� � � � � � W

⊗

� � � � � � � � � �

0 0 0 0 0 0 0 0 d^{c1}_R

� � � � � � � � � � F

+

� � � � � �

0 0 0 0 0 1

� � � � � � W

⊗

� � � � � � � � � � u^{c1}_L 0 0 0 0 0 0 0 0

� � � � � � � � � � F

, (3.14)

– 9 – χ̃^u =

� � � � � �

0 0 0 0 1 0

� � � � � � W

⊗

� � � � � � � � � �

0 0 0 0 0 −u^{c3}_R 0 −u^{c2}_R 0

� � � � � � � � � � F

+

� � � � � �

0 0 1 0 0 0

� � � � � � W

⊗

� � � � � � � � � �

0 0 0 0 0 d^{c3}_R 0 d^{c2}_R 0

� � � � � � � � � � F

+

� � � � � �

0 0 0 0 0 1

� � � � � � W

⊗

� � � � � � � � � �

0 0 0 u^{c2}_L 0 u^{c3}_L 0 0 0

� � � � � � � � � � F

, (3.15)

with u^{1,2,3} and d^{1,2,3} denoting the three generation quarks, and

ê^d_1 = diag(e^d_{1,1}, e^d_{1,2}, 0, e^d_{1,3}, 0, 0, 0, 0, 0) ,

ê^d_2 = diag(0, 0, 0, e^d_{2,3} , e^d_{2,2}, e^d_{2,1}, 0, 0, 0) ,

ê^u_1 = diag(0, 0, 0, 0, 0, e^u_{1,3} , 0, e^u_{1,2}, e^u_{1,1}) ,

ê^u_2 = diag(e^u_{2,1}, 0, 0, e^u_{2,2}, 0, e^u_{2,3}, 0, 0, 0) . (3.16)

With this notation, and discarding irrelevant operators, which give negligible physical effects at low energies, the most general local lagrangian for the light SM fields and the heavy flavour messengers that is compatible with the symmetries of the theory has the structure L = L^{bulk} + δ(y)L^0 + δ(y − πR)L^{πR} , (3.17)

with

L^{bulk} = � l=u,d � iψ̄^lγ^M D_M ψ^l + i¯ψ̃^lγ^M D_M ψ̃^l − M_l(ψ̄^lψ̃^l + ¯ψ̃^lψ^l) � , (3.18)

L^0 = iχ̄^d_Lγ^μ D_μ χ^d_L + i¯χ̃^d_Lγ^μ D_μ χ̃^d_L + iχ̄^u_Rγ^μ D_μ χ^u_R + i¯χ̃^u_Rγ^μ D_μ χ̃^u_R + + � χ̄^d_L ê^d_1^† ψ^d + ¯χ̃^d_L ê^d_1^† ψ̃^d +χ̄^u_R ê^u_1^† ψ^u + ¯χ̃^u_R ê^u_1^† ψ̃^u + h.c. � , (3.19)

L^{πR} = iχ̄^u_Lγ^μ D_μ χ^u_L + i¯χ̃^u_Lγ^μ D_μ χ̃^u_L + i¯χ̃^d_Rγ^μ D_μ χ̃^d_R + iχ̄^d_Rγ^μ D_μ χ^d_R + + � χ̄^d_R ê^d_2^† ψ^d + ¯χ̃^d_R ê^d_2^† ψ̃^d +χ̄^u_L ê^u_2^† ψ^u + ¯χ̃^u_L ê^u_2^† ψ̃^u + h.c. � . (3.20)

We have here tacitly excluded the possibility that odd operators might appear in the lagrangian with coefficients that are themselves odd functions of the coordinates, behaving as constants in the bulk and jumping discontinuously at the branes. This is reasonable, since this kind of odd operators can be distinguished from ordinary even operators by a local parity symmetry [23]. It should be noticed, however, that imposing the latter symmetry significantly restricts the possibilities for canceling potential localized anomalies, since it forbids bulk Chern-Simons counterterms.

3.4 Structure of the induced couplings

As in ref. [6], effective Yukawa couplings, wave-function and vertex corrections for the standard matter fermions are generated in the low-energy effective theory defined by inte-

– 10 –

Q_L q_R α

Ψ_2 Ψ_1

Figure 1: Diagram inducing the effective mass in the presence of SU(3)_W gauge symmetry breaking only: all the fields carry the same flavour charge. The insertion of α switches from the doublet to the singlet components of the bulk field. Here Q_L and q_R can be any left- and right-handed brane fermion and Ψ represents the pair of bulk fermions.

Q_L q_R α β β β β

Ψ_2 Ψ_2 Ψ_2 Ψ_1 Ψ_1 Ψ_1

Figure 2: Diagram inducing the effective mass in the presence of both gauge and flavour symmetry breaking. Each insertion of β switches between two components of bulk fields with flavour charges differing by one unit. The minimal number of such insertions that is needed to get a non-vanishing result is equal to the difference between the flavour charges of the left- and right-handed brane fields. Moreover, if this number is even, there is no mass insertion for the bulk fields, whereas when it is odd, there must be one mass insertion. Here Q_L and q_R can be any left- and right-handed brane fermion and Ψ represents the pair of bulk fermions.

grating out the heavy messenger fermions. For example, mass terms are obtained from the diagrams in figure 1. In this case, however, a given brane fermion can couple only to the flavour component of the bulk fermions that has the same U(1)_F charge. This implies that a non-vanishing Yukawa coupling, wave-function or vertex correction is generated only if the involved brane fields have equal U(1)_F charge, as long as the U(1)_F symmetry stays unbroken, that is for β = 0. The other Yukawa couplings, wave-function and vertex corrections, involving brane fields with different U(1)_F charges, can be generated only if the U(1)_F symmetry is broken, that is β ≠ 0. In this case, we have the diagrams in figure 2. Since T^1_F = (T^+_F + T^−_F )/2 can change the U(1)_F charge by 1 unit, in order to connect two brane fields with charges differing by some integer k, we need |k| insertions of βT^1_F . The effect will thus be of order β^{|k|}.

– 11 –

Actually, a further restriction turns out to be present, depending on whether k is even or odd, as a consequence of the fact that the two types of bulk fermions ψ^l and ψ̃^l can couple only to SM fermions with even and odd flavour charges respectively (in the example under consideration). The Yukawa couplings can be generated through the exchange of bulk fermions with an even or odd number of bulk mass insertions, i.e. with or without a ψ^l ⇔ ψ̃^l transition. Non-vanishing entries can therefore be generated only with even or odd k, depending on whether the involved fields couple to the same or to a different kind of bulk fields ψ or ψ̃. Wave-function and vertex corrections can instead be generated only with an even number of bulk mass insertions, i.e. without an overall ψ^l ⇔ ψ̃^l transition, and a non-vanishing correction is therefore generated only for k even.

The above reasoning shows that with a suitable assignment of the SU(2)_F quantum numbers for brane and bulk fermions, it is possible to induce effective mass matrices with a pattern of matrix elements that can naturally explain the hierarchies among observed masses and mixing angles for matter fermions. Just as with the FN mechanism, the entries of the Yukawa couplings Y^{u,d}_{IJ} (from now on we denote by I and J the family index) and the wave-function factors Z^Q_{IJ} and Z^{u,d}_{IJ} for doublets and singlets respectively, can be expressed as powers of the order parameter λ ≡ πβ for the breaking of the abelian flavour symmetry, modulo numerical factors of order one. The results can be written in terms of the charges q_I of the left-handed doublets Q and the charges l_I of the right-handed singlets l = u, d as:

Y^l_{IJ} ∼ λ^{|qI −l J |} , (3.21)

Z^Q_{IJ} ∼ � δ_{IJ} + λ^{|qI −q J |} for |q_I − q_J | even δ_{IJ} for |q_I − q_J | odd ,

(3.22)

Z^l_{IJ} ∼ � δ_{IJ} + λ^{|lI −l J |} for |l_I − l_J | even δ_{IJ} for |l_I − l_J | odd .

(3.23)

The physical Yukawa couplings are obtained after performing a transformation on matter fermions that brings their kinetic terms to a canonical form. To do so (see for example [25]), we first diagonalize the wave functions as Z^Q = U^{Q†}D^QU^Q and Z^l = U^{l†}D^lU^l in terms of some unitary matrices U^Q and U^l. In general, the diagonal matrices have entries of order one, D^Q_{II} ∼ 1 and D^l_{II} ∼ 1, but differ from the identity, while the U matrices have the same form as the wave-function corrections themselves, i.e. U^Q_{IJ} ∼ δ_{IJ} + λ^{|qI −q J |} and U^l_{IJ} ∼ δ_{IJ} + λ^{|lI −l J |}. We then redefine the matter fields to be Q̂ = √ D^QU^QQ and l̂ = √ D^lU^ll. In this way, the new wave-function factors are Ẑ^q = 1 and Ẑ^l = 1, whereas the new Yukawa coupling is given by Ŷ^l = (D^Q)^{− 1}2 U^QY^lU^{l†}(D^l)^{− 1}2 . In terms of λ this means

Ŷ^l_{IJ} ∼ � KL λ^{|qI −q K |+|qK −l L|+|lL−l J |} ∼ λ^{|qI −l J |} . (3.24)

The last step, which follows from the inequality |x|+|y| ≥ |x+y|, shows that as in standard 4D flavour models the wave function corrections do not mess up the structure of the Yukawa couplings.

– 12 –

Equations (3.24) realize the starting point for building interesting flavour models. However, a more careful analysis shows that our 5D construction presents a number of peculiarities that make it much more constrained than a generic 4D flavour model of the FN type, mostly due to the embedding in a non-abelian group and to the structure of the mediator sector:

• The flavour charge is quantized and charge differences are integer.

• The precise numerical factors appearing in the induced Yukawa couplings are correlated, and contain potentially large group-theoretical coefficients.

3.5 Effective lagrangian and induced couplings We now present the explicit computation of the 4D effective lagrangian, and in particular the corrections to the kinetic and mass terms for the SM fields. The leading effects are obtained by integrating out the heavy bulk fermions at the classical level. The computation can be done along the lines of ref. [6]. In order to illustrate the procedure, we start by discussing in detail the d-quark sector. The up quark sector will then be easily explained.

3.5.1 Mode decomposition In general, matter fields obey the compactification conditions in eqs. (3.1) and (3.3). In the following, SU(3)_W and SU(2)_F indices will be denoted by i, j, . . . and a, b, . . . respectively, and we work in a basis where the orbifold projection is diagonal, whereas, in general, the twist is non diagonal. For fixed electroweak and flavour indices, the γ_5 matrix acting in the orbifold projection causes the right- and left-handed matter field components to have different parity. Hence we can write the matter field components as follows:

ψ_{i,a}(x, y) = ψ^+_{i,a}(x, y) + ψ^−_{i,a}(x, y) , (3.25)

where ψ^+_{i,a}(x, y) and ψ^−_{i,a}(x, y) are fields with positive and negative orbifold parity respectively and a given chirality which depends on i and a. Thus the superscript ± refers to the orbifold parity. The fields satisfying the condition (3.1) can be expanded in KK modes as

ψ^+_{i,a}(x, y) = 1 √ πR +∞� n=0 � 1 √ 2 �_{δn,0}

(ψ^+_{i,a})_n(x) cos � ny R � ,

ψ^−_{i,a}(x, y) = 1 √ πR +∞� n=1 (ψ^−_{i,a})_n(x) sin � ny R � . (3.26)

It is convenient to express ψ^+_{i,a}(x, y), ψ^−_{i,a}(x, y) as sums over all integer modes, both positive and negative; this is done by defining the negative modes of a given component as reflection of the positive modes: (ψ^±_{i,a})^†_{−n} (x) = ±(ψ^±_{i,a})_n(x). The new mode expansion for untwisted fields is then

ψ^+_{i,a}(x, y) = 1 √ 2πR +∞� n=−∞

η_n(ψ^+_{i,a})_n(x) cos � ny R � ,

ψ^−_{i,a}(x, y) = 1 √ 2πR +∞� n=−∞

η_n(ψ^−_{i,a})_n(x) sin � ny R � , (3.27)

– 13 – where

η_n = � 1/ √ 2 if n ≠ 0

1 if n = 0 .

(3.28)

We now switch to the basis in which the SS twist is diagonal. The eigenvectors Ψ^±_{i,a} of the

twist T_{R,R}′ can be written as follows:

Ψ^+_{i,a} = (U_W )^R_{ij} (V_F )^{R′}_{ab} ψ^+_{j,b} , Ψ^−_{i,a} = (U_W )^R_{ij} (V_F )^{R′}_{ab} ψ^−_{j,b} , (3.29)

where (U_W )^R and (V_F )^{R′} are two unitary matrices in the gauge and flavour space and the

labels R and R^′ denote the representation to which the matter fields belong. Since the

rotation mixes different indices i and a, corresponding to different chiralities, the fields Ψ^+_{i,a}

and Ψ^−_{i,a} do not have a definite chirality, when expanded in KK modes as in eqs. (3.27).

On the other hand, since the twist mixes fields with the same orbifold parity, it is possible

to diagonalize it with transformations acting separately on ψ^+ and ψ^− .

In the new basis, the twist is diagonal. The explicit expressions for the unitary matrices

(U_W )^3, (U_W )^6 and (V_F )^9 that diagonalize the twist matrices (T^6_W )^3, (T^6_W )^6 and (T^1_W )^9 to

the forms (t_W )^3 = diag(1/2, 0, −1/2), (t_W )^6 = diag(1, 1/2, 0, 0, 0, −1/2, −1) and (t_F )^9 =

diag(−4, 4, −3, 3, −2, 2, −1, 1, 0) are given by:

(U_W )^3 = 1 √ 2 � � � 0 1 1 √ 2 0 0

0 −1 1

� � � , (UW )^6 = 1 2

� � � � � � � �

0 0 0 1 √ 2 1 0 √ 2 √ 2 0 0 0

0 0 0 − √ 2 0 √ 2 2 0 0 0 0 0 0 − √ 2 √ 2 0 0 0

0 0 0 1 − √ 2 1

� � � � � � � � ,

(V_F )^9 = 1 16

� � � � � � � � � � � � �

1 − √ 8 √ 28 − √ 56 √ 70 − √ 56 √ 28 − √ 8 1 1 √ 8 √ 28 √ 56 √ 70 √ 56 √ 28 √ 8 1 − √ 8 6 − √ 56 √ 28 0 − √ 28 √ 56 −6 √ 8 − √ 8 −6 − √ 56 − √ 28 0 √ 28 √ 56 6 √ 8 √ 28 − √ 56 4 √ 8 − √ 40 √ 8 4 − √ 56 √ 28 √ 28 √ 56 4 − √ 8 − √ 40 − √ 8 4 √ 56 √ 28 − √ 56 √ 28 √ 8 −6 0 6 − √ 8 − √ 28 √ 56 − √ 56 − √ 28 √ 8 6 0 −6 − √ 8 √ 28 √ 56 √ 70 0 − √ 40 0 6 0 − √ 40 0 √ 70

� � � � � � � � � � � � �

. (3.30)

Let us now define

Ψ̂_{i,a} = � Ψ^+_{i,a}, Ψ^−_{i,a} � . (3.31)

In this basis, the effect of the twist amounts to shifting the masses of the KK modes by

the quantity 2(t_W )_{ii}α + 2(t_F )_{aa}β. Therefore, suppressing all the indices, the new KK mass

– 14 – spectrum is given by

m_n(α, β) = nσ_1 + (2t_W α + 2t_F β)1 R , (3.32)

where σ_1 and 1 act at fixed i, a on the space (Ψ^+_{i,a}, Ψ^−_{i,a}) and connect terms with opposite and equal orbifold parity respectively. Finally, a complete diagonalization can be achieved by mixing states with opposite orbifold chirality:

(Ψ_{i,a})_n = η_n � (Ψ^+_{i,a})_n + (Ψ^−_{i,a})_n � (3.33)

where now positive and negative n components of Ψ_{i,a} are independent, and their mass is simply given by

m_n(α, β) = n + (2t_W α + 2t_F β) R . (3.34)

3.5.2 Construction of the effective lagrangian In order to derive the effective lagrangian that is induced for the SM fermions by integrating out the bulk fermions at the classical level, we use for the latter the mode decomposition derived in previous subsection, and switch to 4D momentum space. The relevant linear and quadratic parts of the lagrangian for the modes of the bulk fermions then becomes L = ∞� n=−∞ � L^{bulk}_n + L^0_n + (−1)^nL^{πR}_n � , (3.35)

where

L^{bulk}_n = � l=u,d � Ψ̄^l_n(p/ − m_n)Ψ^l_n + ¯Ψ̃^l_n(p/ + m_n)Ψ̃^l_n − M_l � Ψ̄^l_nΨ̃^l_n + ¯Ψ̃^l_nΨ^l_n � , (3.36)

L^0_n = 1 √ 2πR � χ̄^d_L(U_W V_F ê^d_1)^†Ψ^d_n + ¯χ̃^d_L(U_W V_F ê^d_1)^†Ψ̃^d_n +

+χ̄^u_R(U_W V_F ê^u_1 )^†Ψ^u_n + ¯χ̃^u_R(U_W V_F ê^u_1 )^†Ψ̃^u_n + h.c. � , (3.37)

L^{πR}_n = 1 √ 2πR � χ̄^d_R(U_W V_F ê^d_2)^†Ψ^d_n + ¯χ̃^d_R(U_W V_F ê^d_2)^†Ψ̃^d_n +

+χ̄^u_L(U_W V_F ê^u_2 )^†Ψ^u_n + ¯χ̃^u_L(U_W V_F ê^u_2 )^†Ψ̃^u_n + h.c. � . (3.38)

From these expressions it is clear that the physics of the light modes depends on the mass mixings ê_{1,2}/ √ 2πR encoding the couplings between brane and bulk modes and on the masses M_l for the bulk modes. The relevant dimensionless parameters are then the products of these masses with the length πR of the internal dimension:

ϵ^l_{1,2} = � πR 2 ê^l_{1,2} , x_l = πRM_l . (3.39)

For convenience, we also define the ϵ couplings in the basis of diagonal twist:

ε^l_{1,2} = U_W V_F ϵ^l_{1,2} . (3.40)

– 15 –

The mass and wave-function corrections are generated by diagrams similar to the ones in figures 1 and 2. The result depends on the vacuum expectation value of the Higgs field A_5 through the dimensionless parameter α = g_5R⟨A_5⟩/2, and on the phase β induced by the twist. If the flavour symmetry were local, β would be related to the fifth component of the corresponding SU(2)_F field. For a global symmetry, β is a free parameter related to the phase accumulated by the twist. The tree-level propagator in momentum space for the KK modes of Ψ^l and Ψ̃^l is given, in two-by-two matrix notation, by the following expression:

S^n_l = i p^2 − m_n(α, β)^2 − (M_l)^2 � p/ + m_n(α, β) M_l M_l p/ − m_n(α, β) � . (3.41)

The effective action is then obtained by integrating out the bulk fermions at the classical level, using the above propagator and treating the brane fields as sources, as in ref. [6]. We find a contribution to the effective lagrangian in momentum space of the form L^{eff}_d = L^{kin}_d + L^m_d , where L^{kin}_d contains the kinetic term corrections of SM matter fields and is given by

L^{kin}_d = χ^d_Lε^{d†}_1 (p/) F (p, M_d, 2t_W α + 2t_F β) ε^d_1χ_L + +χ^d_Rε^{d†}_2 (p/) F (p, M_d, 2t_W α + 2t_F β) ε^d_2χ^d_R + +χ̃^d_Lε^{d†}_1 (p/) F (p, M_d, 2t_W α + 2t_F β) ε^d_1χ̃^d_L + +χ̃^d_Rε^{d†}_2 (p/) F (p, M_d, 2t_W α + 2t_F β) ε^d_2χ̃^d_R , (3.42)

whereas L^m_d contains the effective mass terms and is given by

L^m_d = 1 πR � � χ^d_Lε^{d†}_1 G_1(p, M_d, 2t_W α + 2t_F β) ε^d_2χ^d_R + h.c. � − − � χ̃^d_Lε^{d†}_1 G_1(p, M_d, 2t_W α + 2t_F β) ε^d_2χ̃^d_R + h.c. � + + � χ^d_Lε^{d†}_1 G_2(p, M_d, 2t_W α + 2t_F β) ε^d_2χ̃^d_R + h.c. � + + � χ̃^d_Lε^{d†}_1 G_2(p, M_d, 2t_W α + 2t_F β) ε^d_2χ^d_R + h.c. � � . (3.43)

For the u quarks, one can proceed exactly in the same way. In the euclidean space-time, the explicit expressions of the functions F , G_1 and G_2 are given by

F (p, M, ρ) = 1 (πR)^2 ∞� n=−∞ 1 p^2 + (^{n+ρ}_R )^2 + M^2 = 1 πR � p^2 + M^2 Re �_∞ � m=−∞

e^{−|2m|πR}

√_{p2+M 2} e^{−|2m|πiρ} �

= 1 πR � p^2 + M^2

Re coth(πR � p^2 + M^2 + iρπ) ,

G_1(p, M, ρ) = 1 πR ∞� n=−∞

(−1)^n n+ρ R p^2 + (^{n+ρ}_R )^2 + M^2

– 16 –

= Im

�_∞ � m=−∞

e^{−|2m+1|πR}

√_{p2+M 2}

e^{−|2m+1|πiρ} �

= − Im csch (πR � p^2 + M^2 + iρπ) ,

G_2(p, M, ρ) = 1 πR ∞� n=−∞

(−1)^n M p^2 + (^{n+ρ}_R )^2 + M^2 = M � p^2 + M^2 Re �_∞ � m=−∞

e^{−|2m+1|πR}

√_{p2+M 2}

e^{−|2m+1|πiρ} �

= Re csch (πR � p^2 + M^2 + iρπ) . (3.44)

3.6 Low energy limit

We now study the effective lagrangian in the low energy limit p^2 ≪ M^2_l . In this limit, the non-local p-dependent couplings of eqs. (3.42)–(3.43) and the analogous terms for uptype quarks reduce to local kinetic and mass terms. After diagonalization and canonical normalization of the physical fields, these generate the physical fermion masses and mixings.

In the low-energy limit p^2 ≪ M^2_l , the momentum variable πR � p^2 + M^2_l reduces to the constant parameter x_l defined in eq. (3.39). The functions F , G_1 and G_2 become simple trigonometric functions of the three parameters x_l, α and β. Notice moreover that not all the functional dependence on the parameters α and β is relevant. First of all, for various phenomenological reasons that were explained in ref. [6] and in section 2 and that we will review below, we must assume that α is small and retain only the leading effects that are at most linear in α. Since α is related to the VEV of the Higgs field, this corresponds to keeping only those effective operators that involve at most one Higgs field. Moreover, it is easy to check that only even powers of β are relevant in F and G_1, and similarly only odd powers of β are relevant in G_2, due to the flavour quantum numbers of the brane fields (see eqs. (3.12)–(3.15)). The above functions can therefore be effectively substituted with:

F (p, M_l, 2t_W α + 2t_F β) ⇒ f(x_l, 2t_F β) , G_1(p, M_l, 2t_W α + 2t_F β) ⇒ (2πt_W α) g_1(x_l, 2t_F β) , G_2(p, M_l, 2t_W α + 2t_F β) ⇒ (2πt_W α) g_2(x_l, 2t_F β) , (3.45)

where

f(x_l, 2t_F β) = 1 x_l

Re coth � x_l + 2πit_F β � , g_1(x_l, 2t_F β) = Re � coth � x_l + 2πit_F β � csch � x_l + 2πit_F β � , g_2(x_l, 2t_F β) = Im � coth � x_l + 2πit_F β � csch � x_l + 2πit_F β � . (3.46)

Let us be more quantitative on the range of values that the above dimensionless parameters are allowed to take by basic phenomenological constraints. A first important requirement is that m_W ≪ 1/R, since indirect experimental constraints imply that the compactification scale should be at least a few TeV. A second requirement is that M_l ≫ m_W ,

– 17 – in such a way that even the lightest modes of the extra bulk fermions that we have introduced are heavy enough to satisfy direct experimental constraints. This two conditions imply respectively the following restrictions:

πα ≪ 1 , πα ≪ x_l . (3.47)

Notice that the above conditions justify in a more precise way the approximation done to derive eqs. (3.46). Notice also that they do not fix the size of the parameters x_l related to the masses of the bulk fermions.

The total effective lagrangian is obtained by adding up the first rows of the brane lagrangians (3.19)–(3.20) and the correction L^{eff}_u + L^{eff}_d . After simplifying the traces over gauge and flavour indices, which in the approximation leading to eqs. (3.46) are disentangled, it can be rewritten in terms of the original three generations of fields u_L, u_R, d_L, d_R and couplings ϵ^l_{L,R}, and has the following general form:

L^{phen} = 3� a,b=1 � ū^a_L p/ Z^{uL}_{ab} u^b_L +ū^a_R p/ Z^{uR}_{ab} u^b_R + � ū^a_LM^u_{ab}u^b_R + h.c. � +

+ d̄^a_L p/ Z^{dL}_{ab} d^b_L + d̄^a_R p/ Z^{dR}_{ab} d^b_R + � d̄^a_LM^d_{ab}d^b_R + h.c. � � . (3.48)

3.7 Fermion masses and mixings Let us now specialize to the case at hand and work out in detail the expressions for fermion masses and mixing angles that can be obtained from L^{phen} in eq. (3.48). In order to make the physics behind L^{phen} clear, it is instructive to study the two limits x_l ≪ 1 and x_l ≫ 1, where many of the expressions drastically simplify. We start by discussing the case x_l ≫ 1, since the corrections to the quark field wave functions are simpler in this limit.

The case x_l ≫ 1. In the limit of x_l ≫ 1, the functions in eqs. (3.46) take the form

f(x_l, 2t_F β) ∼ 1 x_l � 1 + 2 e^{−2x l} cos 4πt_F β � ∼ 1 x_l , g_1(x_l, 2t_F β) ∼ 2e^{−x l} cos(2πt_F β) , g_2(x_l, 2t_F β) ∼ −2e^{−x l} sin(2πt_F β) . (3.49)

Under the hypothesis that λ = πβ is of the order of the Cabibbo angle, we expand up to the appropriate order equations (3.49). For the case at hand, this order is λ^8. Our expansion gives the following effective mass matrices:

M^d_{ad} = −m_W e^{−x d} (E^d_1 )^†_{ab} ~Y^d_{bc} (E^d_2 )_{cd} (3.50) M^u_{ad} = − √ 2 m_W e^{−x u} (E^u_1 )^†_{ab} ~Y^u_{bc} (E^u_2 )_{cd} , (3.51)

where, keeping only the leading terms for each entry,

~Y^d = � � � −2 √ 14 λ^5 √ 70 λ^4 2 √ 14 λ^3 −5 √ 7 λ^4 2 √ 35 λ^3 3 √ 7 λ^2 10 λ^2 −2 √ 5 λ −1

� � � , (3.52)

– 18 –

~Y^u = � � � λ^8 −2 √ 14 λ^5 2 √ 14 λ^3 2 √ 2 λ^7 −5 √ 7 λ^4 3 √ 7 λ^2 −2 √ 14 λ^5 10 λ^2 −1

� � � , (3.53)

and for convenience we have defined

E^d_k = diag(ϵ^d_{k,1}, ϵ^d_{k,2}, ϵ^d_{k,3}) , E^u_k = diag(ϵ^u_{k,1}, ϵ^u_{k,2}, ϵ^u_{k,3}) . (3.54)

We see from eqs. (3.52) and (3.53) that we have obtained the desired structure in powers of λ, but the group-theoretical coefficients are large and modify substantially masses and mixing angles. However, since these coefficients are entirely fixed by the flavour symmetry, one can tolerate their presence and design the texture in such a way to obtain suitable additional powers of λ to compensate for the fact that they are not of order 1. In other words, we can still obtain a good description of masses and mixings in terms of a single parameter λ, but with non-conventional textures, which take into account the fact that the numerical coefficients can become of order λ^{−1} or larger. We will discuss in section 5.1 an explicit realization of this idea. The wave-function corrections are instead given by

Z^{uL} = Z^{dL} = 1 + 1 x_d

E^{d†}_1 E^d_1 + 1 x_u

E^{u†}_1 E^u_1 ,

Z^{dR} = 1 + 1 x_d

E^{d†}_2 E^d_2 ,

Z^{uR} = 1 + 1 x_u

E^{u†}_2 E^u_2 . (3.55)

The physical quark Yukawa couplings are obtained by redefining the quark fields to reabsorb the wave-function corrections Z. The structure of the latter is such that the physical mass matrix cannot grow indefinitely when the ϵ^{u,d}_a are increased. The reason is that the ϵ-parameters encode the mixing between bulk and brane fermions. The resulting mass of the hybrid fields must therefore interpolate between the value that one would get for a bulk field (ϵ^{u,d}_a → ∞) and the vanishing value that one would get for a brane field (ϵ^{u,d}_a → 0).

In the simple case where the ϵ^u_a and ϵ^d_a are real, it is useful to introduce the following bulk-brane mixing angles:

α^u_{1,a} = Arctan � � � � � 1/x_u ϵ^u_{1,a} � 1 + 1/x_d � ϵ^d_{1,a}

�_2 � � � � , α^{d1,a} = Arctan � � � � � 1/x_d ϵ^d_{1,a} � 1 + 1/x_u � ϵ^u_{1,a}

�_2 � � � � ,

α^u_{2,a} = Arctan � � 1 x_u ϵ^u_{2,a} � , α^d_{2,a} = Arctan � � 1 x_d ϵ^d_{2,a} � . (3.56) The physical masses, obtained by rescaling the quarks fields in order to have a canonically normalized kinetic term, e.g. ū_L p/ u_L, are then found to be:

M^u = − √ 2 x_u e^{−x u} m_W S^u_1 ~Y^u S^u_2 , M^d = −x_d e^{−x d} m_W S^d_1 ~Y^d S^d_2 , (3.57)

– 19 – where

S^l_1 = diag(sin α^l_{1,1}, sin α^l_{1,2}, sin α^l_{1,3}) , S^l_2 = diag(sin α^l_{2,1}, sin α^l_{2,2}, sin α^l_{2,3}) . (3.58)

At this point, we proceed exactly as in the SM, by diagonalizing the mass matrices via a bi-unitary transformation

u^α_{L,R} → U^{αβ}_{L,R}u^β_{L,R} , d^α_{L,R} → D^{αβ}_{L,R}d^β_{L,R} ⇒ V_{CKM} = U^†_LD_L . (3.59)

The masses in eq. (3.57) are suppressed with respect to m_W = α/R by the factor x_le^{−x l} , which is a small parameter since we are now considering the limit x_l ≫ 1, and by a trigonometric factor parametrizing the bulk-brane mixing. In this situation we therefore obtain mass matrices with an absolute scale much smaller than the W mass:

M^{u,d} ∼ x_{u,d}e^{−x u,d} m_W ≪ m_W . (3.60)

This is phenomenologically not acceptable for the top quark mass. Notice, nevertheless, that the exponential dependence on x_u and x_d of the overall scale for the masses in the up and down sectors could allow to account for the significant hierarchy observed between the latter through a modest hierarchy between the two parameters x_u and x_d. The physical origin of the above exponential suppression is related to the higher-dimensional gauge symmetry constraining the Higgs interactions. More precisely, the only invariant Yukawatype effective operators turn out to involve the Higgs field in the form of a Wilson line, which connects the two branes where the relevant left- and right-handed fermions are located and winds at least once around the internal interval [6]. The exchanged bulk fermion of mass M_l must therefore propagate at least over a distance πR and this implies a suppression factor proportional to e^{−x l} in the limit x_l ≫ 1.

The case x_l ≪ 1. In the limit of x_l ≪ 1, the functions in eqs. (3.46) also simplify. Actually, to have a significant simplification we really need x_l ≪ πβ, but deriving an asymptotic expression in this limit would contrast with the philosophy of flavour models, which always assumes a power expansion in the order parameter πβ ≪ 1. For this reason, we will consider this situation only for the case of flavour-singlet bulk fermions, which are blind to the flavour symmetry. We will see in section 5.2 that it is possible to take advantage of the possibility of adding such a flavour-neutral fermion, in addition to flavour-charged ones, to improve the magnitude of the masses of the third familiy of quarks. We therefore set πt_F β to 0. Under these assumptions, the functions of eqs. (3.46) reduce to

f(x_l, 0) ≃ 1 x^2_l

, g_1(x_l, 0) ≃ 1 x^2_l

, g_2(x_l, 0) ≃ 0 . (3.61)

The induced wave functions are then given by (there is no matrix structure here since we are considering flavour singlets):

Z^l_L ≃ 1 + 1 x^2_d ϵ^{d†}_L ϵ^d_L + 1 x^2_u ϵ^{u†}_L ϵ^u_L , Z^l_R ≃ 1 + 1 x^2_l ϵ^{l†}_Rϵ^l_R . (3.62)

– 20 –

Similarly, the induced masses are found to be

M^u ≃ √ 2 1 x^2_u ϵ^{u†}_L ϵ^u_R m_W , M^d ≃ 1 x^2_d ϵ^{d†}_L ϵ^d_R m_W . (3.63)

The physical quark masses emerging after canonical normalization are then found to be

m^u ≃ √ 2 sin α^u_L sin α^u_R m_W , m^d ≃ sin α^d_L sin α^d_R m_W , (3.64)

where now

α^u_L = arctan � (ϵ^u_L)^2/x^2_u 1 + (ϵ^d_L)^2/x^2_d

, α^d_L = arctan � (ϵ^d_L)^2/x^2_d 1 + (ϵ^u_L)^2/x^2_u , α^u_R = arctan � (ϵ^u_R)^2 x^2_u

, α^d_R = arctan � (ϵ^d_R)^2 x^2_d . (3.65)

In this case the quark masses are of order m_W . In this situation we can therefore achieve mass matrices with a trivial flavour structure but a sizable magnitude:

m^l m_W

∼ 1 . (3.66)

Notice also that for ϵ^l_{L,R} ∼ 1 the angles (3.65) parametrizing the brane-bulk mixings tend to the large values α^u_L ≃ δ, α^d_L ≃ π/2 − δ and α^l_R ≃ π/2, with δ = Arctan(ϵ^u_L/ϵ^d_Lx^d/x^u), reflecting the fact that since ϵ^l_{L,R} ≫ x_l the brane-bulk mixing is maximal; the masses (3.64) tend then to m^d ≃ cos δ m_W and m^u ≃ √ 2 sin δ m_W .

The case x_l ∼ 1. In the general case x_l ∼ 1, the effect of the wave-function corrections on the O(1) numerical coefficients in the physical Yukawa couplings depends in a complicated way on the parameters x_l and ϵ^l_{1,2}, and must be separately studied for each point in this parameter space. We will present the results of this general analysis in section 5. It is however clear that the induced masses will always have a scale that is parametrically given by m_W times some suppression factor dictated by the spontaneously broken flavor symmetry. As already mentioned in the introduction, the large top mass is therefore generically difficult to accommodate in this framework [6].

4. Generalization to arbitrary representations

In this section, we generalize the construction discussed above to arbitrary representations of the electroweak and flavour groups.

We generalize the minimal choice of ref. [6] by taking ψ^d and ψ^u to belong respectively to the (n^d_W + 1)(n^d_W + 2)/2 (n^d_W times symmetric) and (n^u_W + 1)(n^u_W + 2)/2 (n^u_W times symmetric) of SU(3)_W ; the 3 and 6 that were used in ref. [6] and in the previous discussion correspond to the particular cases n^d_W = 1 and n^u_W = 2. Moreover, we take these fields

– 21 – to belong to the 2j_F + 1 (spin-j_F ) representation of SU(2)_F , so that there are now 2j_F + 1 replicas of them with identical SU(2)_L × U(1)_Y quantum numbers but different U(1)_F charges. Summarizing, we have bulk fields in the following representations of SU(3)_W × SU(2)_F :

ψ^l, ψ̃^l : � (n^l_W + 1)(n^l_W + 2) 2 , 2j_F + 1 � , (4.1)

The decomposition of the above general representations of the SU(3)_W ×SU(2)_F group under its SU(2)_L × U(1)_Y × U(1)_F subgroup, which we need to determine the coupling of the bulk fields to the brane fields, has the following form: � (n^l_W + 1)(n^l_W + 2) 2 , 2j_F + 1 � → ⊕ n^l_W /2

j_W =0 ⊕ j_F

m_{jF} =−j_F

(2j_W + 1)_{jW −n} l_{W /3,mjF} . (4.2)

We get therefore a set of representations of SU(2)_L with half-integer spins j_W ranging from 0 to n^l_W /2, canonically normalized U(1)_Y charge equal to j_W − n^l_W /3 and U(1)_F charges m_{jF} ranging from −j_F to j_F . The only components that have the right quantum numbers to couple to the brane fermions are the SU(2)_L doublets and singlets with j_W = 1/2 and j_W = 0, which have U(1)_Y charge^3 equal to 1/2 − n^l_W /3 and −n^l_W /3, and U(1)_F charges ranging from −j_F to j_F .

The action of the orbifold projection and the SS twist on the bulk fermion fields can be easily deduced by using some simple group-theoretical techniques. In the electroweak sector, the completely symmetric representations of SU(3)_W we are considering contain states with values of the two Cartan generators T^3_W and 2 T^8_W / √ 3 that fill an equilateral triangle in the corresponding plane. This triangle is oriented with its tip at the bottom and one of his sides at the top and horizontal. It can be sliced in essentially two different ways in a sum of lines, corresponding to decompositions with respect to nonequivalent but isomorphic maximal subgroups. Slicing the SU(3)_W representation horizontally in rows, one obtains the decomposition with respect to the SU(2)_L × U(1)_Y preserved by the orbifold projection, with generators T^{1,2,3}_W and T^8_W / √ 3. It is then clear that the generator T^8_W / √ 3 appearing in the orbifold projection has a definite value for each SU(2)_L × U(1)_Y representation appearing in the decomposition (4.2). More precisely, it acts as j_W − n^l_W /3 on the component with SU(2)_L spin j_W . In matrix form, where these components are ordered in block with a fixed j_W ranging from n^l_W /2 to 0 in decreasing order and subentries corresponding to m_{jW} ranging from −j_W to j_W in increasing order,^4 the orbifold

3Notice that these have automatically the right hypercharge to couple to the standard left-handed doublets and right-handed singlets only in the special case n^d_W = 1 and n^u_W = 2 chosen in ref. [6]. For more general values of n^d_W ≠ 1 and n^u_W ≠ 2, one needs to assign to the bulk fields a non-vanishing charge under the extra U(1)^′ factor that is needed to tune the weak mixing angle, which is equal to (n^d_W − 1)/3 for ψ^d, ψ̃^d and (n^u_W − 2)/3 for ψ^u, ψ̃^u. Notice however that unless these charges are opposite to each other, that is if n^u_W + n^d_W = 3, two different fields are needed to give mass to the u and the d quarks, due to the restrictions set by the U(1)^′-invariance of the coupling to the left-handed quarks.

4This ordering of the states differs from the one used for the particular example of section 3.

– 22 – twist has therefore the following form:

P^{(nlW+1)(nlW+2)/2}

W = diag((−1)^{nlW} , . . . , (−1)^{nlW} � � �

n^l_W +1 times

; . . . ; 1, 1, 1; −1, −1; 1) . (4.3)

Slicing the SU(3)_W representation diagonally, that is parallel to one of the two nonhorizontal sides of the triangle, one obtains the decomposition with respect to a different SU(2)^′ × U(1)^′ subgroup associated to the Scherk-Schwarz twist, with generators T^{6,7}_W , (−T^3_W + √ 3 T^8_W )/2 and (−T^3_W − T^8_W / √ 3)/2. For each state of the original representation, the SU(2)^′ spin j^′ and its third component m_j′ are related to the the SU(2)_L spin j_W and its third component m_{jW} by the relations j^′ = (n^l_W − j_W − m_{jW} )/2 and m_j′ = (−n^l_W + 3j_W − m_{jW} )/2. This decomposition is useful to determine the action of the generator T^6_W appearing in the Scherk-Schwarz twist. Indeed, one can rewrite T^6_W = (T^+_W + T^−_W )/2 in terms of the raising and lowering operators T^±_W = T^6_W ± iT^7_W of the SU(2)^′ subgroup. These leave j^′ unchanged and raise/lower m_j′ by 1 unit, or equivalently, they raise/lower j_W by 1/2 unit and lower/raise m_{jW} by 1/2 unit. The generator T^6_W acts in a non-diagonal way on the decomposition (4.2), but its matrix elements can be easily determined using the standard SU(2) results. Its diagonal form is also easily derived, thanks to the fact that any generator of an SU(2) group has the same diagonal form, due to the fact that there is only one Cartan generator. In our case, the diagonal form of T^6_W must coincide in from with the generator (−T^3_W + √ 3 T^8_W )/2 representing the third component of the SU(2)^′ spin. In terms of the quantum numbers defined by the decomposition (4.2), the latter acts as (−n^l_W +3j_W −m_{jW} )/2 on the m_{jW} -th element of the spin j_W component. In the same matrix notation as above, this means

t^{(nlW+1)(nlW+2)/2}

W = diag � 0, 1 2 , . . . , n^l_W 2 ; . . . ; − n^l_W 2 + 1 2 , − n^l_W 2 + 1; − n^l_W 2 � . (4.4)

In the flavour sector, the situation is similar but much simpler, since we start with an SU(2)_F group. The generator T^3_F appearing in the orbifold projection is just the third component of the SU(2)_F spin, and acts therefore as m_{jF} on the m_{jF} -th component of the decomposition (4.2). One then finds that the projection matrix P_F acts as (−1)^{jF −m j}F on the m_{jF} -th component of the representation. In matrix notation, where these components are ordered with decreasing m_{jF} ranging from j_F to −j_F ,^5 the orbifold twist has therefore the following form: P^{2jF+1}

F = diag(1, −1, 1, −1, . . .) . (4.5) The generator T^1_F appearing in the Scherk-Schwarz twist can be written more usefully as T^1_F = (T^+_F + T^−_F )/2 in terms of the raising and lowering operators T^±_W = T^1_F ± iT^2_W of the SU(2)_F subgroup. This allows to compute in a simple way any of its matrix elements. Its diagonal form must coincide with that of the Cartan generator T^3_F , which acts as m_{jF} on the m_{jF} -th component of the decomposition (4.2). The diagonal form of the twist is therefore given by

t^{2jF+1}

F = diag � j_F , j_F − 1, . . . , −j_F + 1, −j_F � . (4.6)

5Again, this ordering differs from the canonical one used for the particular example of section 3.

– 23 –

We now describe the general situation that can be achieved in this more generic setting, in order to illustrate the basic features of the construction and its peculiarities compared to standard 4D flavour models.

4.1 Lagrangian

The structure of the lagrangian is the same as in the previous section. The couplings of the family triplets of left- and right-handed brane fields ϕ = Q_L, u_R, d_R and their conjugates ϕ^c = Q^c_R, −u^c_L, d^c_L to the bulk fields ψ^l or ψ̃^l are parametrized by family triplets of couplings e^l_1 and e^l_2 with mass-dimension 1/2, in each sector l = u, d. Each ϕ or ϕ^c can couple either to ψ^l or ψ̃^l, and has therefore only one relevant coupling. To write these couplings more explicitly, it is convenient to embed the fields ϕ and ϕ^c into new fields Φ = Q, u, d, Q̃, ũ, d̃ and their conjugates Φ^c = Q^c, u^c, d^c, Q̃^c, ũ^c, d̃^c, which have the same matrix structure as the representations of SU(3)_W × SU(2)_F to which the bulk fields they couple to belong, the extra entries being filled with zeroes.^6 The untilded and tilded fields in Φ or Φ^c contain those SM fermions ϕ or ϕ^c that have the right quantum numbers to couple to ψ^l and ψ̃^l respectively. With this notation, which is the appropriate generalization of the one used to deal with the particular example of section 3, the lagrangian is obtained from eq. (3.17) by replacing the localized terms with

L^0 = iQ̄γ^μ D_μ Q + i ¯Q̃γ^μ D_μ Q̃ + + � Q̄ ê^d_1^†ψ^d + ¯Q̃ ê^d_1^†ψ̃^d + Q̄^c ê^u_1^†ψ^u + ¯Q̃^c ê^u_1^†ψ̃^u + h.c. � , (4.7)

L^{πR} = iū^cγ^μ D_μ u^c + i¯ũ^cγ^μ D_μ ũ^c + i¯d̃γ^μ D_μ d̃ + id̄γ^μ D_μ d + + � d̄ ê^d_2^†ψ^d + ¯d̃ ê^d_2^†ψ̃^d +ū^c ê^u_2^†ψ^u + ¯ũ^c ê^u_2^†ψ̃^u + h.c. � . (4.8)

To be more precise about the embeddings, let us denote SU(2)_L × U(1)_Y and family indices by α, β, . . . and I, J, . . . = 1, 2, 3, and SU(3)_W and SU(2)_F indices by i, j, . . . and a, b, . . .. The embedding of each field is then specified by some (n^l_W + 1)(n^l_W + 2)/2 by 2j_W + 1 matrix (I_W )_{iα} for gauge indices, where j_W is 0 for singlets and 1/2 for doublets, and similarly by some 2j_F + 1 by 3 matrix (I_F )_{aI} for flavour indices. The position of each field ϕ or ϕ^c in Φ or Φ^c is uniquely determined by its SU(2)_L × U(1)_Y and U(1)_F quantum numbers in the gauge and flavour sectors respectively. For the couplings, the embedding is trivial for gauge indices and is determined in an obvious way in terms of that of the fields for flavour indices: it is a diagonal 2j_F + 1 by 2j_F + 1 matrix whose non-zero entries are the couplings that are relevant for each field, in the corresponding positions.

The embedding in the gauge sector generalizes the one used in ref. [6]. Rather than reporting the matrices I_W for each field, we can exhibit the same information by reporting the expressions of the fields Φ_W = I^Φ_W ϕ and Φ^c_W = I^{Φ c}_W ϕ^c. These are (n^l_W + 1)(n^l_W + 2)/2- dimensional vectors will all the entries set to zero apart from the last three, which host the

6We denote the new embedded fields with the same letter as the original ones, but drop the L, R subscripts to them.

– 24 –

SM fields:

Q_W = Q̃_W =

� � � � � � �

0 . . 0 u_L d_L 0

� � � � � � � , d_W = d̃_W =

� � � � � � �

0 . . 0 0 0 d_R

� � � � � � � , (4.9)

Q^c_W = Q̃^c_W =

� � � � � �

0 . . 0 d^c_R −u^c_R 0

� � � � � � , u^c_W = ũ^c_W =

� � � � � �

0 . . 0 0 0 −u^c_L

� � � � � � . (4.10)

The embedding in the flavour sector is done in a similar way and depends on the choice of flavour quantum numbers. Again, rather than reporting the matrices I_F for each field, one can consider directly the redefined fields Φ_F = I^Φ_F ϕ and Φ^c_F = I^{Φ c}_F ϕ^c. For Φ_F , each SM fermion ϕ is embedded at the (j_F − q_F + 1)-th entry if its flavour charge is q_F , and appears only in the untilded or tilded redefined fields if j_F − q_F is respectively even or odd. Similarly, for the conjugate Φ^c_F , each conjugate SM fermion ϕ^c is embedded at the (j_F +q_F +1)-th entry if its flavour charge is −q_F , and appears only in the untilded or tilded redefined fields if j_F − q_F is respectively even or odd. As a consequence, for the embedding of the SM fields ϕ in Φ, only the odd and even entries of respectively the untilded and the tilded redefined fields are relevant, all the other being always zero; for the embedding of the conjugate SM fields ϕ^c in Φ^c, the situation is similar, and Φ^c is obtained from Φ through a reflection. Schematically, the structure is as follows, with at most three non-vanishing entries for each vector:

Q_F =

� � � � � � � � � �

0 . . 0 (Q_L)_{I1} 0 . . 0 0

� � � � � � � � � �

, Q̃_F =

� � � � � � � � � �

0 0 . . 0 (Q_L)_{Ĩ1} 0 . . 0

� � � � � � � � � �

, d_F =

� � � � � � � � � �

0 . . 0 (d_L)_{J1} 0 . . 0 0

� � � � � � � � � �

, d̃_F =

� � � � � � � � � �

0 0 . . 0 (d_L)_{J̃1} 0 . . 0

� � � � � � � � � �

, (4.11)

– 25 –

Q^c_F =

� � � � � � � � �

0 0 . . 0 (Q^c_R)_{I1} 0 . . 0

� � � � � � � � �

, Q̃^c_F =

� � � � � � � � �

0 . . 0 (Q^c_R)_{Ĩ1} 0 . . 0 0

� � � � � � � � �

, u^c_F =

� � � � � � � � �

0 0 . . 0 (−u^c_L)_{K1} 0 . . 0

� � � � � � � � �

, ũ^c_F =

� � � � � � � � �

0 . . 0 (−u^c_L)_{K̃1} 0 . . 0 0

� � � � � � � � �

. (4.12)

In this expressions, I_1, J_1, K_1 and Ĩ_1, J̃_1, K̃_1 are restricted family indices running respectively over those families for which the left-handed doublets, the right-handed down singlets and the right-handed up singlets are embedded in untilded and tilded vectors.

Finally, the brane-bulk couplings are correspondingly embedded into diagonal matrices ê^l_{1,2} at those entries that correspond to a non-vanishing entry of the redefined fields. They have the following schematic form, with three non-vanishing entries labeled by a family index M:

ê^l_{1,2} = diag(0, . . . , 0, (e^l_{1,2})_{M1} , 0, . . . , 0, (e^l_{1,2})_{M2} , 0, . . . , 0, (e^l_{1,2})_{M3} , 0, . . . , 0) . (4.13)

4.2 Fermion masses and mixings

From the lagrangian above one can proceed exactly as in section 3 to derive the effective lagrangian for the SM fermions, which still has the form of eq. (3.48). The general expressions of M and Z depend on the matrix elements of the generator T^6_W implementing the electroweak symmetry breaking and those of arbitrary powers of the generator T^1_F implementing the flavour symmetry breaking, which appear in the functions of eqs. (3.45). The relevant matrix element of T^6_W is universal and can be computed in general. It is the one connecting the next-to-last element of the embedding vector of the left-handed fields and their conjugates, that is the m_{jW} = −1/2 component of the doublet with j_W = 1/2, and the last element of the embedding vector of the right-handed fields and their conjugates, that is the singlet with m_{jW} = 0 and j_W = 0. As already explained, this can be easily evaluated by rewriting T^6_W = (T^+_W + T^−_W )/2 in terms of the raising and lowering operators T^±_W = T^6_W ± iT^7_W of the SU(2)^′ subgroup defined by the twist, which have non-vanishing matrix elements between neighbour states, namely � (j^′ ∓ m_j′ )(j^′ ± m_j′ + 1). The matrix element we are interested in is therefore an ordinary transition from the component with m_j′ = −n^l_W /2 to the component with m_j′ = −n^l_W /2 + 1 of an SU(2)^′ representation of spin j^′ = n^l_W /2, and gives a factor � n_W^l /2. The matrix elements of a generic power of T^1_F can be computed similarly. Here we simply rewrite the flavour traces in terms of the 2j_F + 1 by 3 matrices I_F defining how the family triplet of each SM field is embedded into an (2j_F + 1)-dimensional flavour vector. The results are given by the following expressions:

Z^d_L = 1 + E^{d†}_1 � I^Q_F^†f(x_d, T^1_F β) I^Q_F + I^{Q̃}_F^†f(x_d, T^1_F β) I^{Q̃}_F � E^d_1 +

+E^{u†}_1 � I^{Qc}_F^†f(x_u, T^1_F β) I^{Qc}_F + I^{Q̃c}_F^†f(x_u, T^1_F β) I^{Q̃c}_F � E^u_1 ,

– 26 –

Z^u_L = 1 + E^{u†}_1 � I^{Qc}_F^†f(x_u, T^1_F β) I^{Qc}_F + I^{Q̃c}_F^†f(x_u, T^1_F β) I^{Q̃c}_F � E^u_1 +

+E^{d†}_1 � I^Q_F^†f(x_d, T^1_F β) I^Q_F + I^{Q̃}_F^†f(x_d, T^1_F β) I^{Q̃}_F � E^d_1 ,

Z^d_R = 1 + E^{d†}_2 � I^d_F^†f(x_d, T^1_F β) I^d_F + I^{d̃}_F^†f(x_d, T^1_F β) I^{d̃}_F � E^d_2 ,

Z^u_R = 1 + E^{u†}_2 � I^{uc}_F^†f(x_u, T^1_F β) I^{uc}_F + I^{ũc}_F^†f(x_u, T^1_F β) I^{ũc}_F � E^u_2 , (4.14) and M^d = � n^d_W E^d_1^† � I^Q_F^†g_1(x_d, T^1_F β) I^d_F − I^{Q̃}_F^†g_1(x_d, T^1_F β) I^{d̃}_F +

+I^Q_F^†g_2(x_d, T^1_F β) I^{d̃}_F + I^{Q̃}_F^†g_2(x_d, T^1_F β) I^d_F � E^d_2 m_W ,

M^u = � n^u_W E^u_1^† � I^{Qc}_F^†g_1(x_u, T^1_F β) I^{uc}_F − I^{Q̃c}_F^†g_1(x_u, T^1_F β) I^{ũc}_F +

+I^{Qc}_F^†g_2(x_u, T^1_F β) I^{ũc}_F + I^{Q̃c}_F^†g_2(x_u, T^1_F β) I^{uc}_F � E^u_2 m_W . (4.15)

Once the above quantities have been computed, the physical implications of the lagrangian (3.48) are uniquely determined and can be analyzed as follows. First, one performs a suitable redefinition of the fermions fields to reabsorb the non-trivial wave function factor and canonically normalize their kinetic terms. In this process, the mass matrices will however be changed to new matrices M̂^l. Second, one proceeds as in the SM and diagonalizes these two mass matrices through some unitary transformations U_{L,R} and D_{L,R} in the u and d sectors. This will then induce a CKM mixing matrix given by V_{CKM} = U^†_LD_L.

The above procedure is complicated by the non-diagonal field redefinition that is required to get read of the wave function. One might fear that the new mass matrices M̂^l that are generated after wave-function renormalization might have hierarchical structures in powers of λ that are messed up compared to those of M^l. However, as shown in general in section 3.4, this is not the case: at most the order one coefficients multiplying the powers of λ in the various entries are changed. We now generalize the discussion of section 3.7 for generic representations.

The case x_l ≫ 1. In the limit of x_l ≫ 1, the functions in eqs. (3.46) simplify to the form in eq. (3.49). As we have seen, at leading order in e^{−x l} the wave functions reduce to diagonal constants:

Z^l_L ≃ 1 + 1 x_d

E^{d†}_L E^d_L + 1 x_u

E^{u†}_L E^u_L , Z^l_R ≃ 1 + 1 x_l

E^{l†}_R E^l_R . (4.16)

The masses M^l take instead the form

M^l ≃ � n^l_W e^{−x l} E^l_L^† ~Y^lE^l_R m_W , (4.17)

where ~Y^l are two 3 × 3 matrices that are functions of λ and carry all the information about the group-theoretical details of the flavour sector. Assuming that λ ≪ 1, they have the form (3.21), but with completely fixed numerical coefficients, which can be easily computed using the standard realization of the SU(2) algebra in terms of raising and

– 27 – lowering operators. Further assuming, for simplicity and without loss of generality, that the flavour charges l_I of the right-handed fields are larger than the charges q_I of the lefthanded fields, and recalling that λ = πβ, the result is, modulo a sign:

~Y^l_{IJ} ≃

l_J −q_I�

k=1 � 1 + j_F − l_J k � 1 + j_F + q_I k λ^{lJ −q I} . (4.18)

The first subleading corrections to these expressions can be easily evaluated using again creation and annihilation operators. The relative effect represented by these corrections is of order λ^2, and its precise expression, modulo a sign, is given by

Δ ~Y^l_{IJ} ~Y l_{IJ} ≃ l_J −q_I +1 � k=0 (j_F + q_I + k)(j_F − q_I − k + 1) (l_J − q_I + 1)(l_J − q_I + 2) λ^2 . (4.19)

From this expression it is clear that there is an obstruction against increasing too much the spin j_F of the representation of the bulk mediators at fixed flavour charges for the brane fields. Indeed, doing so increases the relative impact of the subleading terms and puts a limit on how large the parameter λ can be at fixed j_F , or viceversa how large j_F can be at fixed λ, without spoiling the simple idea that the Yukawa texture is fixed by the leading terms with powers of λ fixed by the charges. Notice for instance that in the extreme limit in which j_F is much larger than all of the charges, one finds that the leading term (4.18) goes like j_F /(l_J − q_I )! λ^{lJ −q I} if l_J ≠ q_I and 1 if l_J = q_I , whereas the relative subleading correction (4.19) goes like j^2_F /(l_J − q_I + 1) λ^2. Requiring that the latter be much smaller than 1 then implies that j_F ≪ √ l_J − q_I + 1/λ. For λ ∼ 10^{−1} and reasonable charges, one must then take j_F ≪ 10. For j_F ∼ 3 − 4, as in the examples that we shall study below, the subleading corrections represent therefore a significant error of about 10%.

The physical quark Yukawa couplings are obtained by redefining the quark fields to reabsorb the wave-function corrections Z^l_{L,R}. The physical mass matrices are then found to be (see eq. (3.57)):

m^l ≃ � n^l_W x_le^{−x l} sin α^l_L ~Y^l sin α^l_R m_W . (4.20)

The case x_l ≪ 1. In the limit of x_l ≪ 1, the masses in eq. (3.63) generalize as

M^l ≃ � n^l_W 1 x^2_l ϵ^l_L^†ϵ^l_R m_W . (4.21)

The physical quark masses emerging after canonical normalization are then found to be

m^l ≃ � n^l_W sin α^l_L sin α^l_R m_W . (4.22)

5. Model building

In this section, we apply the general construction developed so far to build viable flavour models. We present two illustrative examples that emphasize some important phenomenological aspects.

– 28 –

5.1 Mixing angles and mass ratios

The model presented in section 3 produces the correct structure of powers of λ for Yukawa couplings, but suffers from large group-theoretical coefficients that spoil the success of the chosen texture. The simplest way to solve this problem is to assign charges in such a way as no O(λ^0) term is present. Then, all entries will have comparable numerical coefficients, and the power expansion will be consistent. We can start for instance from

Y^d ∼ � � � λ^6 λ^5 λ^4 λ^5 λ^4 λ^3 λ^3 λ^2 λ

� � � , Y^u ∼ � � � λ^7 λ^6 λ^4 λ^6 λ^5 λ^3 λ^4 λ^3 λ

� � � . (5.1)

The simplest flavour charge assignment for the brane fermions that is compatible with these textures is given by

q_I = � − 7 2 , − 5 2 , − 1 2 � , d_I = � 5 2 , 3 2 , 1 2 � , u_I = � 7 2 , 5 2 , 1 2 � . (5.2)

Since the maximal absolute value of the charge is now 7/2, the smallest allowed representation for the bulk fermions has now spin j_F = 7/2.

Assuming as before x_l ≫ 1 to simplify the analysis of the effects on order one coefficients due to wave-function corrections, the induced mass matrices M^u and M^d are given by eqs. (3.50) and (3.51) with:

~Y^d = 4 λ × � � � � √ 7 4 λ^5 − √ 21 4 λ^4 − √ 35 4 λ^3 −^3_2 λ^{4 5} √ 3 4 λ^3 √ 5 λ^2 √ 5 λ^2 − √ 15 2 λ −1

� � � � , (5.3)

~Y^u = 4 λ × � � � � 1 4 λ^6 √ 7 4 λ^5 − √ 35 4 λ^3 − √ 7 4 λ^5 −^3_2 λ^4 √ 5 λ^2 √ 35 4 λ^3 √ 5 λ^2 −1

� � � � , (5.4)

The mass matrices that are obtained in this case still have the problem of a too low overall scale, but it is now possible to reproduce mass ratios and mixing angles with reasonable values of the parameters (except for the down quark mass which is too low).

5.2 Example with improved overall scale

The problem of the small overall scale can be solved by introducing, in addition to a pair of bulk fermions that are flavour-charged and induce general hierarchical mass matrices, an extra pair of bulk fermions that are flavour-neutral and contribute therefore only to the mass of flavour-neutral states. Assigning third-generation quarks a vanishing charge, neutral bulk fermions will only contribute to the (3, 3) entries of quark masses. If charged bulk fermions are heavier, all the other entries will be additionally suppressed by a factor e^{−πR(M C}l^{−M N}l^), where M^C_l and M^N_l stand for the masses of charged and neutral bulk fermions respectively. It is clear that in this case the mass ratio between the third and

– 29 – the first two generations is not a prediction of the flavour model any more, but stems from the exponential factor e^{−πR(M C}l^{−M N}l^). Taking into account this extra suppression, we can choose for example

Y^d ∼ � � � λ^5 λ^4 λ^3 λ^4 λ^3 λ^2 λ^2 λ 1

� � � , Y^u ∼ � � � λ^6 λ^4 λ^3 λ^5 λ^3 λ^2 λ^3 λ 1

� � � . (5.5)

The simplest flavour charge assignment for the brane fermions that realize these is

q_I = { − 3, −2, 0} , d_I = {2, 1, 0} , u_I = {3, 1, 0} . (5.6)

The smallest allowed representation for the charged bulk fermions has in this case spin j_F = 3.

These charged states give a contribution to the mass matrices M^u and M^d given by eqs. (3.51) and (3.50) with

~Y^d ≃ � � � − √ 6 λ^5 √ 15 λ^4 2 √ 5 λ^3 −5 λ^4 2 √ 10 λ^3 √ 30 λ^2 −2 √ 3 λ √ 30 λ −1

� � � , (5.7)

~Y^u = � � � −λ^6 √ 15 λ^4 2 √ 5 λ^3 − √ 6 λ^5 2 √ 10 λ^3 √ 30 λ^2 2 √ 5 λ^3 −2 √ 3 λ −1

� � � . (5.8)

For the corresponding flavour-neutral states, if we stick to the SU(3)_W representations used in ref. [6], we still have a problem with the top mass, which remains too low. As an illustrative example, one can choose a rank 6 symmetric representation for the flavourneutral fermion coupling to the top quark, even though one should check that the cutoff is not lowered too much by the presence of fermions in large representations of SU(3)_W . With this caveat, the situation improves, and we can reproduce all masses and mixing angles with reasonable values of the parameters, except again for the down quark which tends to be too light.

5.3 FCNC processes and CP violation

Since there is a mixing between brane and bulk fermions, tree-level FCNC couplings to the Z boson are expected to arise. On general grounds, they will be suppressed by α^2 and by the appropriate power of β. It remains to be seen whether in any specific model this suppression is sufficient to guarantee a successful description of FCNC phenomena: to this aim, we are presently carrying out a full one-loop phenomenological analysis.

In all the above discussions, for simplicity, we have taken the ϵ couplings to be real. In general, they are complex numbers and their phases enter the effective mass matrices and the CKM matrix. The strength of CP violation then depends on the size and phases of ϵ parameters, and can be estimated in any specific model.

– 30 –

6. Conclusion

We have proposed a mechanism to implement flavour symmetries in gauge-Higgs unification models. In five-dimensional orbifold constructions the only possibility consists in a flavour SU(2)_F symmetry broken to U(1)_F by the orbifold projection and then to nothing via a compactification twist. Assuming that the problems connected to electroweak symmetry breaking in gauge-Higgs unification were solved, our proposal can successfully predict the orders of magnitude of all mass ratios and mixing angles. Quantitative agreement can be obtained with reasonable values of all relevant parameters. We stress that this class of models is much more constrained than ordinary FN abelian flavour models because of the higher-dimensional non-abelian nature of the flavour symmetry. We are presently investigating the phenomenology of FCNC processes in this kind of construction, both at the tree and the one-loop levels.

An interesting possibility would be to implement our idea in the framework of warped five-dimensional models or in six-dimensional orbifolds, in which electroweak symmetry breaking seems more successful (see for instance [26, 27] and [7, 8]).

Acknowledgments

We would like to thank S. Lavignac, R. Rattazzi, A. Romanino, M. Serone and A. Wulzer for useful discussions. We also thank the Theory Division of CERN for hospitality. This work has been partly supported by the European Commission through a Marie Curie fellowship, under the contract MRTN-CT-2004-005104 and through the programme ”The quest for unification” under contract MRTN-CT-2004-503369, the Swiss National Science Foundation, the German Bundesministerium für Bildung und Forschung under the contract 05HT4WOA/3, and the German-Israeli Foundation under the contract G-698-22.7/2002. M.S. acknowledges MECD for financial support through FPU fellowship AP2003-1540.

References

[1] N. Cabibbo, Unitary symmetry and leptonic decays, Phys. Rev. Lett. 10 (1963) 531;

M. Kobayashi and T. Maskawa, CP violation in the renormalizable theory of weak interaction, Prog. Theor. Phys. 49 (1973) 652.

[2] B. Pontecorvo, Mesonium and antimesonium, Sov. Phys. JETP 6 (1957) 429; Inverse beta processes and nonconservation of lepton charge, Sov. Phys. JETP 7 (1958) 172; Z. Maki, M. Nakagawa and S. Sakata, Remarks on the unified model of elementary particles, Prog. Theor. Phys. 28 (1962) 870.

[3] N.S. Manton, A new six-dimensional approach to the Weinberg-Salam model, Nucl. Phys. B 158 (1979) 141;

D.B. Fairlie, Higgs’ fields and the determination of the Weinberg angle, Phys. Lett. B 82 (1979) 97; Two consistent calculations of the Weinberg angle, J. Phys. G 5 (1979) L55; P. Forgacs and N.S. Manton, Space-time symmetries in gauge theories, Commun. Math. Phys. 72 (1980) 15;

G. Chapline and R. Slansky, Dimensional reduction and flavor chirality, Nucl. Phys. B 209 (1982) 461;

– 31 –

S. Randjbar-Daemi, A. Salam and J.A. Strathdee, Spontaneous compactification in six-dimensional Einstein- Maxwell theory, Nucl. Phys. B 214 (1983) 491; N.V. Krasnikov, Ultraviolet fixed point behavior of the five-dimensional Yang-Mills theory, the gauge hierarchy problem and a possible new dimension at the TeV scale, Phys. Lett. B 273 (1991) 246;

D. Kapetanakis and G. Zoupanos, Coset space dimensional reduction of gauge theories, Phys. Rept. 219 (1992) 1.

[4] I. Antoniadis and K. Benakli, Limits on extra dimensions in orbifold compactifications of superstrings, Phys. Lett. B 326 (1994) 69 [hep-th/9310151];

H. Hatanaka, T. Inami and C.S. Lim, The gauge hierarchy problem and higher dimensional gauge theories, Mod. Phys. Lett. A 13 (1998) 2601 [hep-th/9805067]; G.R. Dvali, S. Randjbar-Daemi and R. Tabbash, The origin of spontaneous symmetry breaking in theories with large extra dimensions, Phys. Rev. D 65 (2002) 064021 [hep-ph/0102307];

N. Arkani-Hamed, A.G. Cohen and H. Georgi, Electroweak symmetry breaking from dimensional deconstruction, Phys. Lett. B 513 (2001) 232 [hep-ph/0105239].

[5] I. Antoniadis, K. Benakli and M. Quiros, Finite Higgs mass without supersymmetry, New J.

Phys. 3 (2001) 20 [hep-th/0108005];

G. von Gersdorff, N. Irges and M. Quiros, Bulk and brane radiative effects in gauge theories on orbifolds, Nucl. Phys. B 635 (2002) 127 [hep-th/0204223];

G. von Gersdorff, N. Irges and M. Quiros, Radiative brane-mass terms in D > 5 orbifold gauge theories, Phys. Lett. B 551 (2003) 351 [hep-ph/0210134];

C. Csáki, C. Grojean and H. Murayama, Standard model Higgs from higher dimensional gauge fields, Phys. Rev. D 67 (2003) 085012 [hep-ph/0210133].

[6] C.A. Scrucca, M. Serone and L. Silvestrini, Electroweak symmetry breaking and fermion masses from extra dimensions, Nucl. Phys. B 669 (2003) 128 [hep-ph/0304220].

[7] C.A. Scrucca, M. Serone, L. Silvestrini and A. Wulzer, Gauge-higgs unification in orbifold models, JHEP 02 (2004) 049 [hep-th/0312267].

[8] B.A. Dobrescu and E. Ponton, Chiral compactification on a square, JHEP 03 (2004) 071 [hep-th/0401032];

Y. Hosotani, S. Noda and K. Takenaga, Dynamical gauge symmetry breaking and mass generation on the orbifold T^2/Z_2, Phys. Rev. D 69 (2004) 125014 [hep-ph/0403106]; C. Biggio and M. Quiros, Higgs-gauge unification without tadpoles, Nucl. Phys. B 703 (2004) 199 [hep-ph/0407348];

M. Serone and A. Wulzer, Orbifold resolutions and fermion localization, hep-th/0409229.

[9] N. Haba, Y. Hosotani, Y. Kawamura and T. Yamashita, Dynamical symmetry breaking in gauge-higgs unification on orbifold, Phys. Rev. D 70 (2004) 015010 [hep-ph/0401183]; N. Haba and T. Yamashita, The general formula of the effective potential in 5D SU(N) gauge theory on orbifold, JHEP 02 (2004) 059 [hep-ph/0401185];

Y. Hosotani, S. Noda and K. Takenaga, Dynamical gauge-higgs unification in the electroweak theory, Phys. Lett. B 607 (2005) 276 [hep-ph/0410193];

N. Haba, K. Takenaga and T. Yamashita, Higgs mass in the gauge-higgs unification, Phys. Lett. B 615 (2005) 247 [hep-ph/0411250].

[10] L.J. Hall, Y. Nomura and D.R. Smith, Gauge-higgs unification in higher dimensions, Nucl.

Phys. B 639 (2002) 307 [hep-ph/0107331];

– 32 –

N. Haba and Y. Shimizu, Gauge-higgs unification in the 5 dimensional E(6), E(7) and E(8) guts on orbifold, Phys. Rev. D 67 (2003) 095001 [hep-ph/0212166];

K.-w. Choi et al., Electroweak symmetry breaking in supersymmetric gauge-Higgs unification models, JHEP 02 (2004) 037 [hep-ph/0312178];

N. Haba and T. Yamashita, Dynamical symmetry breaking in gauge-Higgs unification of 5D N = 1 SUSY theory, JHEP 04 (2004) 016 [hep-ph/0402157];

N. Haba, K. Takenaga and T. Yamashita, Correct effective potential of supersymmetric Yang-Mills theory on M^4 × S^1, Phys. Rev. D 71 (2005) 025006 [hep-th/0411113].

[11] G. Burdman and Y. Nomura, Unification of Higgs and gauge fields in five dimensions, Nucl.

Phys. B 656 (2003) 3 [hep-ph/0210257].

[12] I. Gogoladze, Y. Mimura and S. Nandi, Gauge Higgs unification on the left-right model, Phys.

Lett. B 560 (2003) 204 [hep-ph/0301014]; Unification of gauge, Higgs and matter in extra dimensions, Phys. Lett. B 562 (2003) 307 [hep-ph/0302176];

I. Gogoladze, Y. Mimura and S. Nandi, Model building with gauge-yukawa unification, Phys. Rev. D 69 (2004) 075006 [hep-ph/0311127];

I. Gogoladze, Y. Mimura, S. Nandi and K. Tobe, Test of gauge-Yukawa unification, Phys. Lett. B 575 (2003) 66 [hep-ph/0307397].

[13] L.J. Dixon, J.A. Harvey, C. Vafa and E. Witten, Strings on orbifolds, Nucl. Phys. B 261 (1985) 678; Strings on orbifolds, 2, Nucl. Phys. B 274 (1986) 285.

[14] J. Scherk and J.H. Schwarz, How to get masses from extra dimensions, Nucl. Phys. B 153 (1979) 61; Spontaneous breaking of supersymmetry through dimensional reduction, Phys. Lett. B 82 (1979) 60.

[15] Y. Hosotani, Dynamical mass generation by compact extra dimensions, Phys. Lett. B 126 (1983) 309; Dynamical gauge symmetry breaking as the casimir effect, Phys. Lett. B 129 (1983) 193; Dynamics of nonintegrable phases and gauge symmetry breaking, Ann. Phys. (NY) 190 (1989) 233.

[16] C.D. Froggatt and H.B. Nielsen, Hierarchy of quark masses, Cabibbo angles and CP-violation, Nucl. Phys. B 147 (1979) 277.

[17] A. Masiero, C.A. Scrucca, M. Serone and L. Silvestrini, Non-local symmetry breaking in Kaluza-Klein theories, Phys. Rev. Lett. 87 (2001) 251601 [hep-ph/0107201].

[18] G. von Gersdorff, N. Irges and M. Quiros, Finite mass corrections in orbifold gauge theories,

hep-ph/0206029.

[19] N. Irges and F. Knechtli, Non-perturbative definition of five-dimensional gauge theories on the R^4 × S^1/Z_2 orbifold, Nucl. Phys. B 719 (2005) 121 [hep-lat/0411018].

[20] R. Barbieri, L.J. Hall and Y. Nomura, Models of scherk-schwarz symmetry breaking in 5D:

classification and calculability, Nucl. Phys. B 624 (2002) 63 [hep-th/0107004].

[21] C. Kounnas and M. Porrati, Spontaneous supersymmetry breaking in string theory, Nucl.

Phys. B 310 (1988) 355;

S. Ferrara, C. Kounnas, M. Porrati and F. Zwirner, Superstrings with spontaneously broken supersymmetry and their effective theories, Nucl. Phys. B 318 (1989) 75.

[22] C.A. Scrucca, M. Serone, L. Silvestrini and F. Zwirner, Anomalies in orbifold field theories, Phys. Lett. B 525 (2002) 169 [hep-th/0110073];

– 33 –

H.-D. Kim, J.E. Kim and H.M. Lee, TeV scale 5D SU(3)W unification and the fixed point anomaly cancellation with chiral split multiplets, JHEP 06 (2002) 048 [hep-th/0204132]; G. von Gersdorff and M. Quiros, Localized anomalies in orbifold gauge theories, Phys. Rev. D 68 (2003) 105002 [hep-th/0305024].

[23] R. Barbieri, R. Contino, P. Creminelli, R. Rattazzi and C.A. Scrucca, Anomalies, Fayet-Iliopoulos terms and the consistency of orbifold field theories, Phys. Rev. D 66 (2002) 024025 [hep-th/0203039].

[24] C.A. Scrucca and M. Serone, Anomalies in field theories with extra dimensions, Int. J. Mod.

Phys. A 19 (2004) 2579 [hep-th/0403163].

[25] J.K. Elwood, N. Irges and P. Ramond, Family symmetry and neutrino mixing, Phys. Rev.

Lett. 81 (1998) 5064 [hep-ph/9807228];

N. Irges, S. Lavignac and P. Ramond, Predictions from an anomalous U(1) model of Yukawa hierarchies, Phys. Rev. D 58 (1998) 035003 [hep-ph/9802334];

M.S. Berger and K. Siyeon, Quark and lepton masses from a U(1) × Z(2) flavor symmetry, Phys. Rev. D 62 (2000) 033004 [hep-ph/0003121]; Discrete flavor symmetries and mass matrix textures, Phys. Rev. D 64 (2001) 053006 [hep-ph/0005249];

E. Dudas, S. Pokorski and C.A. Savoy, Yukawa matrices from a spontaneously broken abelian symmetry, Phys. Lett. B 356 (1995) 45 [hep-ph/9504292];

L.J. Hall and A. Rasin, On the generality of certain predictions for quark mixing, Phys. Lett. B 315 (1993) 164 [hep-ph/9303303].

[26] R. Contino, Y. Nomura and A. Pomarol, Higgs as a holographic pseudo-Goldstone boson, Nucl. Phys. B 671 (2003) 148 [hep-ph/0306259];

K. Agashe, R. Contino and A. Pomarol, The minimal composite Higgs model, Nucl. Phys. B 719 (2005) 165 [hep-ph/0412089].

[27] Y. Hosotani and M. Mabe, Higgs boson mass and electroweak-gravity hierarchy from dynamical gauge-Higgs unification in the warped spacetime, Phys. Lett. B 615 (2005) 257 [hep-ph/0503020].

– 34 –